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Chapter 1

Introduction

2019-09-05

EXAMPLE 1.0.1 (Manufacturing Tables and Chairs).
PROCESS: raw materials — machine — labour — final products
RULES:

* Company has 30 workers and 40 machines available 40hrs/week.

* Manufacturing a table requires 2 machine-hours and 1 labour-hour.

* Manufacturing a chair requires 1 machine-hours and 3 labour-hours.

* Each manufacturer table yields $10 of profit and each manufacturer chair yields $15 of profit.
Goal: The company wants to prepare a weekly production plan which maximizes total profit.
Variables

* x; := the number of tables manufactured per week

* x5 := the number of chairs manufactured per week
Objective function
The total profit per week can be modelled by 10z + 152, which is what we want to maximize.
Constraints

* Machine-hours used per week < machine-hours available per week which can be modelled by

2r1 + xo < 40 x 40 = 1600
* Labour-hours used per week < labour-hours available per week which can be modelled by
x1 + 3x2 < 30 x 40 = 1200
We can then formulate the linear programming (LP) model:

minimize 10z + 1525
subject to 221 + 29 < 1600

1,22 20

(LP)

An optimal solution to the LP using an algorithm later in in this course is  := (720, 160) ", which means
that we want 720 tables, and 160 chairs.

EXAMPLE 1.0.2 (A General Production Planning Problem). There are resources I := {1,...,m} and
products J := {1,...,n}. There are b; units of resource i available per week Vi € I. One unit of product
j yields ¢; of profit for Vj € J. Manufacturing one unit of product j requires a,; units of resource
i. We want to maximize the total profit of this manufacturing process. z; := amount of product j
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manufactured per week.

n
maximize c1r1+ -+ ez, = E CjT;
g=1

- (LP)
subject to Z Qi Tij5 < b; Vi € {1, e 7m}
j=1
2 >0 Viefl,...,n}

REMARK 1.0.3. If z,y e R"and « < y, then z1 < y1,...,%n < Yn.
REMARK 1.0.4.

C1 T air - Qin by
Cn Tn Am1 e Amn bn

n
Given A, b, c with € R" as the variable vector, we realize that ¢" = " ¢;z; is exactly the model that we
j=1
wanted to maximize in LP such that it satisfies Az < b, with = > 0.

DEFINITION 1.0.5. Let f : R® — R. f is an affine function if f(z) = a'z + /3 for some a € R” and
B eR.

DEFINITION 1.0.6. Let f : R® — R. f is a linear function if f is an affine function with 5 = 0.

REMARK 1.0.7. Every linear function is affine, but the converse is not true.

DEFINITION 1.0.8. A linear constraint is one of

R R
& & &
AR
T @

where f is a linear function and § € R.

DEFINITION 1.0.9. A linear program (LP) is the problem of minimizing or maximizing an affine
function subject to a finite number of linear constraints.

2019-09-10

Recall the family of LP problems:
max{cTw : Ax < b, x > 0}

An assignment of values to all variables such that every constraint is satisfied is called a feasible solution.
A feasible region is the set of all feasible solutions. An optimal solution is a feasible solution which has the
best possible objective value among all feasible solutions. Note that an optimization problem may have many
optimal solutions, but it may have one optimal value.
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EXAMPLE 1.0.10 (Extension of 1.0.1). Suppose an entrepreneur offers at most 500 machine hours/week
(rental) at $2.5/hour. Can we incorporate this new situation into our mathematical model? Can it still
be a LP? Yes. x5 := the number of machine hours rented from the business person per week.

maximize 1021 + 1525 — 2.523

subject to 2x1 + w9 < 1600 + 23
z1 + 3x9 < 1200 (LP)
z3 < 500

x1,%2,23 = 0

EXAMPLE 1.0.11 (Constraints on Ratios, Percentages and Proportions). Suppose we are required to
manufacture at least 10 tables and 80 chairs per week. Also

#of tables manufactured /el /#of chairs manufactured ek > 6

I > 10 1 > 10
z9 > 80 = x9 = 80
z2/z1 > 6 To = 614

In general, suppose f, g are affine functions
by < f®)/g(x) < by

provided that g(x) > 0 for every feasible solution « we can equivalently write

EXAMPLE 1.0.12 (Multi-period, Multi-stage Optimization Problems). Consider planning for multiple
periods where in each period we want to decide how much to produce, how much to keep in stock
(inventory) for the upcoming periods.
Variables
Forall i € {1,...,T}, where T is the last period, we have:

* s; := the amount of units sold in period i

* p, := the amount of units purchased/manufactured of period ¢

* ¢, := the amount of units in stock at the end of period :

* to := the amount of units in stock at the beginning of the first period.
Key Constraints

pit+tici =8+t Vie{l,...,T}
Pi, Sisdi 2 0 vie{l,...,T}

REMARK 1.0.13. Typically we have additional constraints on s;, p;, t;, to.

DEFINITION 1.0.14. An integer program (IP) is obtained from linear program by requiring a non-
empty subset of variables to be integers. If all variables are restricted to be integers, we call the integer
program a Pure IP, and if at least some variables may take real values, we call the integer program a
Mixed IP.

2019-09-12
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REMARK 1.0.15. In integer programs, some examples of constraints that can be used are:
s 1, €7
s xe”
e z;, €4{0,1}
* z; is an integer
* 1, € {0,1}"
EXAMPLE 1.0.16 (Assignment Problem). SPIT has a campus near the North Pole. They have three
buildings named A, B, C, which need to be renovated to be served as one of a Library, Laboratory, or

Gym (sometimes called functions). Each building must be assigned one activity, and each activity must
be assigned one building. Renovation costs in millions of dollars are given:

Library Laboratory Gym
A 10 60 20
B 60 70 50
C 20 60 40

Find an assignment of activities to buildings so that the total renovation cost is minimized.
Solution. Let us generalize to n buildings and n activities.

Vi,je{l,...,n}

1, if 4 is assigned to activity j
Tij 1= .
0, otherwise

¢;; = renovation cost for assigning activity j to building ¢

n n
minimize E E G

i=1 j=1

subject to inj =1 vie{l,...,n}
=1

. P
injzl ViE{l,...,n}
j=1

l’ij:{o,l} Vi7j€{1,...7n}

* First constraint —> every activity is assigned exactly one building

* Second constraint — every building is assigned exactly one activity

 Third constraint = z;; is a binary variable that takes values only 1 or 0. If we wanted an
IP formulation, we would remove the constraint x;; = {0,1} and add: z;; > 0, z;; < 1 and x;;
integer.
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Suppose ¢;; € R and consider the inequality version (if we don’t assign exactly one item to another):
n n
minimize Z Z CijTij
i=1 j=1

subject to inj <1 Vie{l,...,n}
=t (IP)

wagl Vze{l,,n}
j=1

zij ={0,1} Vi,j€{l,...,n}

We can generalize this class optimization problem further.
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Introduction to Graphs

DEFINITION 2.0.1. An undirected graph is a pair G = (V, E), where V is a finite set of elements
called vertices, and E is a set of pairs of distinct vertices called edges. All edges in an undirected graph
are bidirectional.

DEFINITION 2.0.2. Let G = (V, E) be a graph. Suppose uv € E. u, v are adjacent vertices. u, v are
the endpoints of the edge uv. The edge wv is incident to vertices v and v.

EXAMPLE 2.0.3 (Undirected Graph). Given G :=

we have
V={1,...,5}

E = {12,13,23,24, 35,34}

DEFINITION 2.0.4. Given a graph G = (V, E), a matching M in G is a subset of edges in G such that
no two edges in M share a common vertex.

EXAMPLE 2.0.5 (Matching). In the above example:

Matching Not a Matching
M = {12} M :={12,25}
M:=0 M = {67}
M :={12,35}
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DEFINITION 2.0.6. Given a graph G = (V, E), if every vertex in V' of G is an endpoint of an edge in
M, we call the matching a perfect matching.

The assignment problem is a special case of a minimum cost perfect matching problem or weighted graphs (in
this case every edge is given a weight/cost ¢;;)

10

B 70 Lab

40

REMARK 2.0.7. In a perfect matching graph, there are n? edges, and 2n (an even number of) vertices.

2019-09-17

EXAMPLE 2.0.8 (Minimum-Cost Perfect Matching Problem). Given an undirected graph G = (V, E),
and c. € R, for every e € E, we want to find a perfect matching in G with minimum total cost. The cost
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of matching M is > c.. For each v € V, §(v) := the set of edges incident to v. G :=
eeM

Examples of 4(v) in G:
« §(1) = {14,15,16}
* §(5) = {15,25,35}

1 if e is chosen in the matching
By = .
‘ 0 otherwise

minimize Z Cee
ecE

subject to Z Te=1 YveV (IP)
e€d(v)
z. € {0,1} Vee E

DEFINITION 2.0.9. A graph G = (V, E) is bipartite if there exists a partition Vi, V> of V where
vV, UV, =V and V4 NV, = () such that

EC{w|ueV,vels}

Assignment problems are a special case of minimum cost perfect matching problems in bipartite graphs.

THEOREM 2.0.10. A graph is bipartite if and only if it does not contain an odd cycle.

Proof. Done in MATH 239.

Given a situation where we have binary-valued variables

1 option j is chosen
T = Vied{l,...,n
! {O otherwise Jed }

We solve how to formulate in an IP in the following conditions:

n

* at most k options are chosen: Z z; < k
j=1

n

* at least k options are chosen: Z x; >k

Jj=1
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n
* exactly & options are chosen: Z z;j=k
Jj=1

We can also formulate many classes of the “OR” type constraint in IP problems.

EXAMPLE 2.0.11 (Extension of 1.0.1).

minimize 1021 + 1524
subject to 2x1 + z9 < 1600
x1 + 3rs < 1200

1,72 20

(LP)

Suppose C&O is required to produce at least 10 tables per week or at least 80 chairs per week, or
possibly both. z; > 10 or 25 > 80 or both. We introduce a new binary-valued variable ~ € {0, 1}.

x1 > 10z
xo = 80(1 — 2)
z € {0,1}
Z1,m2 20

{(.’L‘l >100R z5 > 80) AND (.131 >00R 25 > 0)} <~

REMARK 2.0.12. Possibly both means that you can choose either one of these conditions in the first OR above
and it will be correct.

EXAMPLE 2.0.13 (Extension of 2.0.11). Now, suppose C&O has a new condition every week. We must
manufacture either exactly 3 chairs for every table or exactly 8 chairs for every table. Show how to
incorporate this in an IP formulation

{IQ =321 OR 25 = 81‘1} < {($2 < 3z1 AND z5 > 3$1) OR (.732 < 8r1 AND zy > 81‘1)}

Introduce a new binary-valued variable z € {0, 1}.

1 1f.’£2 = 31’1
z =
0 if o = 8{);‘1

Existing constraints:
221 + 22 < 1600 = 3 € [0,800]
x1 + 3x9 < 1200 — X2 € [0,500]
x1,22 20

So,

21 +400(1 — 2)
x1 — 2400(1 — z)

2019-09-19
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DEFINITION 2.0.14. A non-linear program has the form
min f(x)
subject to

g1(x)

0
g2(x) <0

IN N

N

gm(x) 0

where f . R" - R, ¢, : R" = R, Vi€ {1,...,m}.

Every LP problem is a very special case of a NLP problem. IP problems can also be formulated as NLP
problems.

EXAMPLE 2.0.15 (Formulating LP Problems as NLP Problems).

x; €7 < sin(rz;) =0
< [sin(7z;)]? <0

ary € {0,1} < 1’1(1 —1'7;) =0
— 22(1—-2;)?> <0

NLP problems have huge modelling power, as a result, one must understand the structure of the
underlying problem and construct “good” NLP models that are amendable to analysis and solution
techniques.

EXAMPLE 2.0.16 (Portfolio Optimization). There are n stocks 1,...,n to invest in. We have a budget
of B dollars. We have an expected return (for $1 investment at the end of our planning horizon) of
11, - - -, fbn. We are also given V' € R"*", a variance covariance matrix so that if we invest in x1,. .., z,
dollars in n stocks, 1, ..., n respectively, then the expected risk of such an investment is given by 2 " V.

n n
> D) Vijaiz
i=1 j=1

x; := amount of investment in stock j in dollars.
Suppose we are also given a goal G (a dollar amount we want as the value of our portfolio at the end of
the planning horizon).
Data

* Budget ($) — B

e Goal ($) - G

* Expected return — (g, ..., fn) "

* Variance-covariance matrix — V' € R"*"
We want to minimize the risk of our portfolio while satisfying the budget and the goal constraints.
(NLP)

minz ' Va
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subject to

n
> mw; > G
j=1
x>0
There are many variants of such models and extensions. For example, instead of a goal GG, we may given

an upper bound on the risk, say R € R.
(NLP)

subject to

We can handle many more variants and extensions. Suppose investing in stock j below ¢; dollars is
not allowed. For diversity of our portfolio, we want to invest in at least 20 stocks, and for the sake of
simplicity we want to invest in at most 150 stocks. We introduce a binary-valued variable z;.

1, if we invest in stock j

3 o= Viedl,...,
“ {0, otherwise jed n}

Add these constraints:

13
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Solving Linear Programs

2019-09-24

3.1 Possible Outcomes

DEFINITION 3.1.1. Consider an LP with variables z1,...,xz,. Then the assignment of values to all
variables such that all constraints are satisfied, gives a feasible solution.

An optimization problem is called feasible if it has at least one feasible solution, otherwise it is called
infeasible.

3.1.1 Infeasible Linear Programs

EXAMPLE 3.1.2 (Infeasible LP). (LP)

max xi + 2x9 + 3x3 + 44 + Sx5

subject to
T1
1[-3 271 —7} “"2_[6}
—20-2 1 2 0 —4||™| 7 |4
T4
A T b
——

Let y := (1,—2)" and consider the facts

Ax =b
— y Az =y'b
= 1 03 1 1] # =6-8=-2

— o~~~
>0

Therefore, since 7 any solution to Az = b, = > 0 the LP is infeasible.

14
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THEOREM 3.1.3 (Infeasibility). If 3y € R™ such that
(D y'A>0"
(2) y'b<0
then, the LP
max{c'x: Az = b, z > 0}

is infeasible. In particular, we call a vector y a certificate of infeasibility.

Proof. Suppose there exists such a y. Suppose for a contradiction that 3 € R™ (there is a feasible solution)
such that

AZ=b,T>0
AZ=b TA z =y'b
~~
>0T >0 £0
a contradiction to (2). O

An optimization problem is called unbounded if VM € R, there exists a feasible solution of the optimization
problem with the objective value strictly better than M.

3.1.2 Unbounded Linear Programs

EXAMPLE 3.1.4 (Unbounded LP).
max[—-1 3 0 0 1]

subject to
-1 3 -1 1 0] _[2
—2 4 1 0 1|7 |
x>0
Consider
0 1
0 0
#:= 0|+t |0],t>0
2 1
1 2
-~ =~
xT
Ax = E] ,& > 0.Therefore z is a feasible solution.
Ad = m ,d>0.

A% = A& + td) = AZ + t(Ad) = m

T=x+td
Therefore, & is a feasible solution V¢ > 0.
Objective function value of z:

-1 3 0 0 1] =1+¢(-14+2)=1+t— foo0ast— +oo

=N O OO
+
~

N = O O =
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Therefore the LP is unbounded.

THEOREM 3.1.5. If 9 € R" such that

and 3d € R" such that
(1) Ad=0
@2 d>0
3) c'd>0
then, the LP
max{c'x: Ax = b, z > 0}

is unbounded. In particular, we call a pair of vectors &, d a certificate of unboundedness.

Proof. Suppose there exists such d. Consider
E=x+td,t>0

Then,

Ad = Aba: +t(Ad) = b
0

Therefore z is a feasible solution of the LP, ¢t > 0. The objective value of the function is

c'éd=c'z+t(c'd) = +ooast — +oo
>0

Therefore, the LP is unbounded.

REMARK 3.1.6. If the LP is min, then flip the equality for (3).

3.1.3 Linear Programs with Optimal Solutions

EXAMPLE 3.1.7 (Optimal LP).
max 10z, + 1529

subject to

221 + o + 23 = 1600
x1 + 3z + x4 = 1200

x>0

Consider z := (720,160,0,0) " and y := (3,4)T.
Note that Az = b, with £ > 0, so « is a feasible solution.
Also, ¢ = 7200 + 2400 = 9600. Every feasible solution satisfies

Axz =b
— y' Az =y'b
y'A=[10 15 3 4] >[10 15 0 0] =c"
y'b=3x1600+4 x 1200 = 9600 = c¢' &
Therefore x is an optimal solution.
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2019-09-26

Summary of Outcomes
P

max{c'x: Az = b, > 0}

o If there exists a vector y such that

(1) y'A>o0"

2 y'b<0

then (P) is infeasible. We call y a certificate of infeasibility.
e If there exists a feasible solution & and a vector d such that:

(1) Ad=0

2 d>o0

3) c'd>0

then (P) is unbounded. We call a pair of vectors &, d a certificate of unboundedness.
* If there exists a feasible solution Z and a vector g such that:

D ATg>ec

2 c'z=4"b

then & is an optimal solution of (P). We call y a certificate of optimality.

3.2 Standard Equality Form

DEFINITION 3.2.1. An LP is said to be in Standard Equality Form (SEF) if it has the Form
max{c'x +z: Ax = b, x > 0}

where Z is a constant. In other words, it satisfies all of the conditions:
(1) It is a maximization problem
(2) All constraints are equations (other than non-negativity constraints)
(3) Every variable has a non-negativity constraint

Every LP can be converted to SEF. A pair of LP problems LP1 and LP2 are equivalent if they both have the
same status (infeasible, unbounded, or optimal) and certificate of such a status for one problem can easily be
converted into a certificate of the same type for the other LP.

Given an arbitrary LP problem,

* if the objective function is a minimization problem, then mine'x — —(max —c'x)

REMARK 3.2.2. We often omit one negative sign from a TA on Piazza: “It’s more just a convention of not
putting — before max when doing this and it’s understood that the optimal value of one is the negative
of the optimal value of the other”

* if there are constraints ax < «, introduce a new non-negative slack variable x,, 11, p1+1 > 0.

* if some z; has no constraint on it, such variables are called free variables and we represent that free

variable as a difference of two non-negative variables, z; = xj -z, x;r >20,z; >20.

* if some x; < 0 flip all signs correlating to x;

EXAMPLE 3.2.3 (Converting an LP to SEF). (P)

max 100z, + 20025
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subject to
r1 + 2z < 20
3r1 + 4xy > 10

LL‘1>O

Converting into SEF we get (P’):
max 100z + 200(x5 — z5)

subject to
T + 2(@f —zy) + =3 = 20
31 + A(xf —zy) - T4 = 10

+ —
$17$2,Z‘2,$3,]}4 20

(P) and (P’) are equivalent.
Let (71,74, 7, ,%3,Z4) " be a feasible solution of (P').
If

Then (21,42) " is a feasible solution of (P).
Let (Z1,Z2) " be a feasible solution of (P).
If

Ii'g =20 — fl - 252
T4 = 3%1 + 4719 — 10

and if 7, > 0

Ty = T2

Ty =0
orzo <0

3 :=0

Ty 1= —T2

then (z,,%5,7, ,Z3,74) " is a feasible solution of (P').

3.3 Bases and Canonical Forms
3.3.1 Bases
DEFINITION 3.3.1. Let A € R™*", B C {1,...,n} such that | B| = m. If
Agp:=[a;|i€eB ] eR™™

where Ap is non-singular (i.e. IMT holds), then B is a basis of A. If B is a basis of A, then Ap is a basis
for R™. We denote N as the set that does not have the elements of B.

18



CHAPTER 3. SOLVING LINEAR PROGRAMS 19

DEFINITION 3.3.2. A vector Z is a basic solution of Ax = b for a basis B of A if:

(1) Az=0b
(2) zn =0
where & is the vector formed by the non-basic variables. That is, N := {1,...,n} \ B.

DEFINITION 3.3.3. A vector & is a basic feasible solution of { Az = b, x > 0} if it is a basic solution of
Ax = b determined by a basis B of A that also satisfies £ > 0. Thus Z satisfies Az = b, Zn = 0, and
x > 0.

EXAMPLE 3.3.4 (Bases of A).

10 2 -1 1 2
A'{o 12 -1 2}""[5}
Bases of A: {1, 2}, {2,3}, {1,4}.

Not a bases of A: 0, {1}, {1, 2,3}, {3,4}.
To find the basic solution determined by B := {1, 4}, solve

b 2l [5]= 1]

and we get & = (—3,0,0,—5,0) .

2019-10-01
Let A € R™*" b € R™, ¢ € R™. Consider (P)
max CT.’B
subject to
Az =0b

Tz

0
Suppose we are given & € R" such that, AZ = b, Z > 0and y € R™ such that ATy > ¢, y'b = ¢z with
objective function value = ¢ ' z.

Computing ¢' T we get

c'z

b
T(Az)

y'A)

Il
Q «

—~

T
~—
>0

{

>cT
c'F

WV

Since Z achieves the objective value of ¢z and for every feasible solution the objective value is at most ¢z,
& is an optimal solution of (P).
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3.3.2 Canonical Forms

DEFINITION 3.3.5. Consider the following LP in SEF:

(P)
maxc' &+ Z
subject to
Az =0b
x>0

We say (P) is in canonical form for a basis B of A if
(C1) Ap is an identity matrix
(CZ) cp = 0

Now,

n
Ax = E a;;
=1

n n
= E aj$j+§ a;r;

JjEB JEN
= Apxp + AvTN

Since B is a basis of A, Ag is non-singular,

Ax=b
-1 -1

= Ap Az =A5b

> Ap'(Apzp + AyzN) = A3'D

<= (Ag'Apzp)+ (Az'AnzN) = AR'b

T

<< TB = Aglb — (AglAN.’BN)

Consider (C2). For any y := (y1,...,%n) ' the equation
y Az =y'b
can be written as
0=y 'b—y' Ax
Since this equation holds for every feasible solution, we can add this constraint to the objective function which
is now:
maxe' z+zZ+y b—y Ar — max(c' —y Az +y b+ 7z

Let €' := ¢ — yT A. For (C2) to be satisfied we need g = 0, so we need to choose y accordingly, such
as

cp=cp—y Ag=0"
equivalently, . . . _—
y Ap=cgp = y =cgAjp

We have shown the following:



CHAPTER 3. SOLVING LINEAR PROGRAMS

THEOREM 3.3.6 (Canonical Form). Suppose an LP
max{c'x+Z: Ax =b, x >0}
and a basis B of A are given. Then
max(c' —y A)x+y b+z

subject to
Ap' Az = AR'b
x>0

where y" = cg A", is an equivalent LP in canonical form for the basis B of A.

The canonical form is useful because it:
* allows us to simply read a basic solution
* gives us easy ways to move in the feasible region to improve the current basic feasible solution

* gives us a way to obtain optimality certificates if ¢ —y A <07

EXAMPLE 3.3.7 (Canonical Form). (P)

maX[O 0 —4 1 O]w

subject to
1 0 -1 1 0 4
01 2 -1 0jlxz=|2
00 -3 2 1 6
x>0

B :={1,2,5} is a basis of A. Thus, the basic solution corresponding to the basis is
Z = (4,2,0,0,6)"

c3 = —4, increasing the value of z3 from 0 will decrease the objective value by —4 units
cs = 1, we want to increase the value of x4, so

I 4 1
T2 | = 2 — T4 —1 2 0
xIs 6 2

Let ¢ denote the maximum value we can assign to x4 and stay feasible.
So, t = min{4/1, ,6/2} =3

2019-10-03

EXAMPLE 3.3.8 (Previous Example Coninuted). So, the new basic feasible solution is Z := (1, 5,0,3,0) T
determined by the basis B := {1,2,5} U {4} \ {5} = {1, 2,4}. Note that we exclude {5} since the index
of which ¢ achieved the minimum was at 6/2, i.e. index 5 (row x5). The canonical form determined by

the new basis is
max[0 0 —52 0 —lh]xz+3



CHAPTER 3. SOLVING LINEAR PROGRAMS 22

subject to
1 0 12 0 -1k 1
01 Y2 0 lh|lxz=|5
0 0 =32 1 1p 3

REMARK 3.3.9. Z is the optimal solution with optimal value 3.

REMARK 3.3.10. How did we arrive to this LP? Using the formulae in Proposition 8.2. If you didn’t want to
calculate A", then follow the below instructions.

REMARK 3.3.11. The following was not taught in class or the textbook. This method can be confusing and
not intuitive.

EXAMPLE 3.3.12 (Canonical Form Without Computing the Inverse). Write
10 -1 1 0]4 1 0 12 0 —1p|17]-x
A=]01 2 -1 0|2|—=]01 12 0 2 |5 |-z
00 -3 2 1|6 0 0 =32 1 12 |3 | —x4

and row reduce A to make fourth column get a leading one as seen above. The row-reduced matrix and
the augment are your new constraints.

The objective function is tricky, we want a 0 in the fourth column of our ¢'. Also, we denote x1, x5, 24
as the rows of the matrix respectively as seen above. Using x4, (which is our row-reduced A), we get

(-1)([0 0 =32 1 tp]z—3)+([0 0 —4 1 0]x)
The —3 right after the first matrix was the row of b. General form:
¢([Row;(A)]z — b;) + original objective function

where c is a constant.

3.4 The Simplex Algorithm

Algorithm 1: Simplex Algorithm
Input :A e R™*" be R™, c € R" such that we have linear program (P):
max {c¢'x, Az = b,z > 0}, and a feasible basis B.

Output : An optimal solution & of (P) or a certificate proving that the (P) is unbounded.
1 Compute the canonical form for the basis B. Let & be the basic feasible solution for B.
2 If ey < 0, then stop (Z is optimal).
3 Choose k € N such that ¢, > 0.
4 If ag < 0, then stop (the LP is unbounded).
5 Let r be any index ¢ where the following minimum is attained:

b;
t:min{ Dk > 0}
Qi

6 Let ¢ be the rt" basis element.
7 Set B:= BU{k} \ {¢}.
8 Go to step 1.
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THEOREM 3.4.1 (Bland’s Rule). Throughout the Simplex iterations with t = 0, in Step 3, among all
j € N, with ¢; > 0, choose k := min{j € N : ¢; > 0}; also in Step 5, define t as before and choose the
smallest r € B with a,; > 0, and br/a,, = t.

3.4.1 An Example with an Optimal Solution

EXAMPLE 3.4.2 (Simplex Algorithm with Bland’s Rule). Solve (P)
max [0 3 1 O] x

o1 s Ye=ls

x>0

subject to

using the Simplex Algorithm with Bland’s Rule. Give a certificate of optimality or unboundedness for
the problem, and verify it.

Solution.

Iteration 1

Useful values computed:

10 1 _ (1 0
do=lp 3 ==
T 10 0
y' =cpdy = [0 0] {0 1} = [0}
1. The LP is already in canonical form determined by B = {1,4}. Let  := (2,0,0,5)" be the basic
feasible solution for B.

2. ¢q2,33 £ 0, so Z is not optimal.
3. Using Bland’s Rule we choose & = 2 € N which enters the basis as ¢y > 0.

4. ay = % £ 0, so the LP is not unbounded.
T1| 2 2
5. M _ M y H > 050
. 25
t=min{ —, —
51

Minimum is attained at index 1 (z1). Let » = 1 be the index which attains the smallest value of ¢.
6. Let 1 be the 1% basis element.
7.Set B:={1,4} U {2} \ {1} = {2,4}

Iteration 2
Useful values computed:
. 2 0 =1 __ 1/2 0
Ap = {1 1} = Ap = [1/2 1}
T T . — 0 3/2
Y :CBABl = [3 0] {_1/2 11 = o

1. Canonical form determined by B = {2,4} is

max [—3/2 0 4 0]+3

KA e ESIA

subject to



CHAPTER 3. SOLVING LINEAR PROGRAMS 24

x>0

Let Z := (0,1,0,4) " be the basic feasible solution.
2. ¢f1,31 £ 0, so & is not optimal.
3. Using Bland’s Rule we choose k = 3 € N which enters the basis as ¢z > 0.

4, a3 = {41} % 0, so the LP is not unbounded.
To| 1 —1
5. M _ M _tM > 050
t = min é
= o7

Minimum is attained at index 2 (z4). Let r = 2 be the index which attains the smallest value of ¢.
6. Let 4 be the 2™? basis element.

7.Set B:={1,4}U{3}\ {4} ={2,3}

Iteration 3

Useful values computed:

el - [ 4

1 3 —1f8 1/a
v =cpaz = 1%, -0 1

1. Canonical form determined by B = {2, 3} is

max[fl 0 0 —1]+7

KRR

x>0

subject to

Let Z := (0,2,1,0) " be the basic feasible solution.

2. ¢q1,4y < 0, stop Z is optimal.

The certificate of optimality is 4 = (1,1)T.

To verify that 4 = (1,1) T is the certificate of optimality. We compute

S = w o

and

0
c'z=[0 3 1 0 f =7=[1 1] m:gTb
0

REMARK 3.4.3. This was obviously not done in class (in fact it’s a textbook question!). It can be verified that
y is indeed the certificate of optimality by using the summary of outcomes as seen above.

2019-10-08
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3.4.2 Convergence of Simplex Algorithm

In each iteration, we choose & € N such that ¢, > 0. Then, we compute ¢ = min{?/4,, | A;r, > 0}. Then,
throughout the rest of the Simplex iterations, we never see the same basis again. There are at most (") bases
of A. Therefore, if ¢ > 0 in each iteration, the Simplex Algorithm will terminate in at most (") iterations. The
only way the algorithm will not terminate is when ¢ = 0 for all iterations (after some # of iterations). If our
choices for k and [ are deterministic and consistent in this case if we repeat a basis we call it a cycle.

THEOREM 3.4.4. The Simplex Algorithm starting from a basic feasible solution with Bland’s Rule termi-
nates.

3.4.3 Implementation of the Simplex Algorithm in “Big Data”

In a given iteration of the Simplex Algorithm, what information do we need to execute the algorithm?
We have the original data (A, b, ¢) and we have the current B, Z, v.

Pick any k € N such that ¢ > 0. ¢, = ¢ — ' Az (where §| = cpAZY.

Then to compute ¢, we need ¢ = min{bi/a,, | A;x > 0}.

So, we need Aj: Ay = A5'A; and note that xx = 0, 5 = b

We solve linear systems Agy =cp and Agdp = Aj.

In implementations, we typically express Ap or A" as a product of elementary matrices.

In practice, good implementations of the Simplex Algorithm terminates after 2m to n/2 iterations. Each iteration
is very fast.

It is an open problem whether there exists a variant of Simplex Algorithm which is guaranteed to terminate in
at most pn? iterations for LP problems in SEF with n variables, where p, ¢ are constants.

2019-10-10

Midterm 1 was written on this day, as a result no classes were held.

2019-10-22

Given any LP problem, we know how to convert it into an equivalent LP problem in SEF:

(P)

maxz = CTili
subject to
Ax =
x>0

where A € R™*™ has rank(A4) = m.

Given an LP in SEF, with a given basic feasible solution, we know how to solve it.

3.5 Finding Feasible Solutions

Given an LP in SEF with rank(A4) = m, how do we find a feasible solution or prove that none exists.

We will construct an auxiliary LP problem.



CHAPTER 3. SOLVING LINEAR PROGRAMS 26

We can always make sure b > 0. (If any b; < 0, multiply both sides of that equation by (—1)) Introduce
artificial variables x,y1, ..., Tnim

DEFINITION 3.5.1. Given (P): max {c', Az = b,z > 0}, we define the auxiliary linear program of
(P) as:

(Pauw)
mnw :=op41 + -+ Tntm
subject to
e T
[A]T]]|.™ | =b
Tn+1
[ Lntm ]
——
x>0
where b > 0, and [ is the m x m identity matrix.
We call the variables 1, ..., ,1, auxiliary variables.
For every feasible solution of (P, ), w > 0.
Therefore, (P,..) is not unbounded.
If the optimal value of (P,,.) is zero, let (Z1,...,%,.m)" be the basic feasible solution of (P,,,). Then,

(#1,...,2,)" is a basic feasible solution of (P).

It is basic since {A; : 2; > 0} is linearly independent where J is the column indices j of A for which
z; #0.

If |{j : #; > 0}| = m, this index set is a basis of A which determines (%1,...,%,) .
If {j : ©; > 0}] < m — 1, we can extend this index set to be a basis of A, since rank(A) = m.

If the optimal value of (P, ) is positive, then (P) is infeasible. We state this as a theorem.
THEOREM 3.5.2. Let & = (Z1,...,Zn+m) | be an optimal solution to (P ).

(1) ifw=0, then (Z1,...,%,) " is a solution to (P).
2) if w > 0, then (P) is infeasible.

Proof. Let & = (%1,...,%n+m)  be an optimal solution to (P,z).
(1) Assume w = 0, then Z,,,1 = - -+ = Ty u = 0. Thus (z1,...7,) " is a feasible solution of (P).
(2) Assume w > 0. Suppose for a contradiction that there exists a feasible solution (z1,...%,)" to (P). Then,
(Z1,...%,,0,...,0) is a feasible solution to (P,,.) with optimal objective value 0 which is a contradiction to
——
m terms

the fact that  is optimal. O
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Algorithm 2: Two Phase Method

Input : A, b, cdata for LP in SEF such that full row rank and b > 0.

1 Construct (P,,,) put into SEF, B:={n+1,n+2,...,n+m}

2 Put (P,,.) into the canonical form determined by B.

3 Solve (P, ) starting with basis B by Simplex Method.

4 If the optimal value of (P, ) is zero, then we have a basic feasible solution of (P). Solve (P) using
Simplex Method. This is known as Phase II.

5 If the optimal objective value of (P,,.) is not zero, then (P) is infeasible (a certificate of infeasibility
is given by the last § computed).

As seen above, the original LP can either have an optimal solution or be infeasible when performing the Two
Phase Method.

3.5.1 The Two Phase Simplex Algorithm—An Optimal Example

EXAMPLE 3.5.3 (Two Phase—Optimal). (P)

max z := [1 2 —1]:1:

R R

x>0

R ERAH

we do this because we will not have a feasible solution if b < 0.
Introduce artificial variables: x4, x5

subject to

Since b; < 0 we write

Phase I
(Pauw)
max —w = [0 0 0 -1 fl}ac
subject to
-1 2 31 0] __[3
1110 1|1 |1

o T
x := (x1,x2,x3,T4,75) >0

Turn (P, ) into canonical form for B := {4,5}
max —w = [—2 3 4 0 0] x

subject to

We solve the LP via Simplex Algorithm and obtain the following LP corresponding to the optimal basis
of B ={1,2}
max—w:=[0 0 0 -1 —1]=
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subject to

End of Phase L.
Phase II
We rewrite the original LP in canonical form corresponding to basis B = {1, 2} to obtain

max z := [O 0 —6]ac+5

8 -l

T = (SCl,JJQ,LL'g)T >0

subject to

We obtain the optimal basic feasible solution of (P, ) via the Simplex Algorithm
(21, &, %3, 44, 75) = (1,2,0,0,0)
Thus, the corresponding basic feasible solution of (P) is
(21, 2, %3) = (1,2,0)"

with an optimal objective value of z := 5.

3.5.2 The Two Phase Simplex Algorithm—An Infeasible Example

EXAMPLE 3.5.4 (Two Phase—Infeasible). (P)

max z := [3 2 4]:1:

subject to
5 1 1] [t
—11 2|7 |5
A
x>0
(Pauz)
max—w:=[0 0 0 -1 -1]=
cB
subject to
5 1 1 1 0 1
1120 1% |5

. T
T = (l‘l,l‘g,l‘g,x4,$5) 2 0

Turn (P, ) into canonical form for B := {4,5} (by adding the constraints up to the original objective

function).
max —w = [ 4 2 3 0 O ]:c—4
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==

Starting with the basis B = {4, 5}, solve (P, ) with the Simplex Algorithm to get:

subject to
)

1 1
-1 1 2

1
0
x>0
max—w:[fll -1 0 -3 0}:1:—3

5 1 1 1 0] [t
11 -1 0 -2 1|*7 |3

x>0

subject to

The optimal value of (P,,.) is not zero. Therefore, (P) is infeasible. The basis in the last iteration was
B = {3,5}.
y' =¢pAp =y = [0 -]
SEF of (Pyug)

7 = (2,—1)T is a certificate of infeasibility of (P).
Compute y'A=[11 1 0] >0T and§'b=—-3=c'az wherez = (0,0,0,1,3)".
Thus, g is a certificate of optimality for (P, )-

THEOREM 3.5.5 (Fundamental Theorem of LP (SEF)). Let (P) be an LP problem in SEF, where A € R™*™
has rank(A) = m.

(1) if (P) does not have an optimal solution, then (P) is either infeasible or unbounded.

(2) if (P) has a feasible solution, then (P) has a basic feasible solution.

(3) if (P) has an optimal solution, then (P) has an optimal basic feasible solution.

2019-10-24

THEOREM 3.5.6 (Fundamental Theorem of LP). Let (P) be an LP problem. Then exactly one of the
following holds:

* (P) is infeasible

e (P) is unbounded

* (P) has an optimal solution

REMARK 3.5.7. Fundamental Theorem of LP and Fundamental Theorem of LP (SEF) are not the same, they
are two completely different theorems!

3.6 Geometry

3.6.1 Feasible Region of LPs and Polyhedra

DEFINITION 3.6.1. Leta € R®\ 0, 8 € R.
H:={x € R":a'x = 3} is a hyperplane.
F:={xz €R":a'x < B} is a half-space.
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Solution sets of linear equations are intersections of hyperplanes.

DEFINITION 3.6.2. Let A € R™*" b e R™. P := {x € R": Az < b} is a polyhedron.

REMARK 3.6.3. The set of solutions to any one of the inequalities of Az < b is a half-space.

THEOREM 3.6.4. The feasible region of an LP is a polyhedron or equivalently the intersection of a finite
number of half-spaces.

Proof. Leta € R",x € R", 3 € R.

Given an inequality of the form a "« > 3, we can rewrite it as —a 'z < —f3.

Given an equation of the form a ' = 3 we can rewriteitasa '« > fand —a 'z < —§.
Thus, any set of linear constraints can be rewritten as Az < b for some A € R™*" and b € R™, where a' can
correspond to each row of A, and 3 can correspond to each row of the column vector b. O

Solutions sets of Az = b are either (), a single point, a line, or in general, an intersection of a hyperplane.

Note that already in R? there are already equivalent polyhedra. The mathematical modelling power of LPs are
significantly more than that of linear systems of equations.

3.6.2 Convexity

DEFINITION 3.6.5. The line segment joining two points, z(!) and z(? is

{mn F(1-Nz?:xe o, 1]}

Graphically, the line segment can be seen as:

DEFINITION 3.6.6. A subset S C R™ is convex if for every pair of points (1), z(2) € S, the line segment
with ends () and z? is included in S. That is,

@ +@-2z@:xep}cs
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Con VX

B,
R

THEOREM 3.6.7. Half-spaces are convex.

Proof. Let H C R™ be a half-space. Then a € R™ \ 0 and 8 € R” such that
H:{:L'G]R":LLT:ESB}
Let z = Az + (1 — \)2® where X € [0,1].

Tz — o7 Da® 4 (1 - 0e®] = T2 4 (1 A gT2® Y
A i=a [Ax F (1= Nz } >/\0 ajj (1 A)a;; <A+(1-Ng=8
= X >0 B

Thus, H is convex since T € H. O

THEOREM 3.6.8. The intersection of any collection of convex sets is convex. That is, a convex set C; for all
j € J, the intersection
c:=)C;

jeJ

is convex.

Proof. Let u,v be two points in C. Let w lie on the line segment between v and v. Then, w € C; since C} is
convex for each j € J. Thus, w € C. O

REMARK 3.6.9. J can be infinite. That is, the intersection of infinitely many convex sets is convex, which can
be formally proved by strong induction.

THEOREM 3.6.10. Polyhedra are convex.

DEFINITION 3.6.11. We say that a point x is properly contained in a line segment if it is in the line
segment and not an endpoint.
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3.6.3 Extreme Points

DEFINITION 3.6.12. Let S C R™ be a convex set. Let £ € R"™. Z is an extreme point of S, if z € S and
no line segment that properly contains z is included in S.
Equivalently, Z is an extreme point of S, if € S and no two distinct (1), z(2) € § exist satisfying

=M+ (1 - Nz?

for some A € (0,1).
Equivalently, Z is an extreme point of S, if z € S and no two distinct (1), 2(?) € S exist satisfying

1
I = ,w(l) + §LL‘(2)

2019-10-30

Recall the notions: hyperplane, half-space, polyhedron, feasible regions of LPs, convex sets, extreme points of
convex sets.

THEOREM 3.6.13. Let S C R™ be a convex set and & € S. & is an extreme point of S if and only if S\ {z}
is convex.

Proof. Assume S C R" is convex and = € S.

= Suppose Z is an extreme point of S. Pick two points z(), z(?) € §\ {z} and X\ € [0,1] and set z =
Az + (1 —X\)z(?). To show that S\ {#} is convex, we have to verify that z € S\ {Z}. Now the set S is convex,
so x € S. It remains to show that x # z.

Case 1: A = 0. Then z = z(V) +# z.
Case 2: A = 1. Then z = () # 7.

Case 3: A € (0, 1). We know z must be different from z, otherwise we would contradict the fact that z is an
extreme point of S.

< We prove the contrapositive. Assume that z is not an extreme point of S. Then there exists two points
M 2®) ¢ Swith 2™ # (2 and some X € (0,1) such that z = Az +(1-\)2(?). Note that (1), 2(?) € S\ {z}
since (1) # x(2). Thus S\ {#} is not convex. O

DEFINITION 3.6.14. Let A € R™*™, b € R™. Consider the polyhedron P C R"” P := {x ¢ R" : Az <
b}. We say that a constraint a’x < B of Az < bis tight for z if o' & = . We denote the set of all
inequalities of Az < b that are tight at £ by A=z = b~.

THEOREM 3.6.15. Let P = {x € R" : Az < b} be a polyhedron and let & € P. Let A=z = b~ be the
set of tight constraints for &. Then rank(A~) = n if and only if T is an extreme point of P.
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Proof. = [rank(A~) =n = & is an extreme point of P]

Suppose rank(A=) = n. Suppose for a contradiction that & is not an extreme point. Then there exists
W 2@ ¢ P, where () # x(? and \ € (0,1) such that

z =X ™ +(1-Nz®
Thus,

A
= A" Dz® + (1 - N)z@)]

= X A=x® 1 (1)) 4= 2®
>0  <b= >0 <b=

Thus, we must have that everything in the inequality chain starting and ending with b= is equal. Thus,
A=z = A=z = b=. rank(A=) = n implies there is a unique solution to A=Z = b=, so we have
z = 2™ = x(? | a contradiction that Z is an extreme point.

<= [rank(A=) = n <= Z is an extreme point of P]

We will prove the contrapositive of this. That is, we will be prove rank(A=) # n = Z is not an extreme
point of P.

Suppose that rank (A=) # n, thatis rank(A~) < n, which means that the columns of A= are linearly dependent.
Thus, 3d such that A=d = 0. Let € > 0 be arbitrarily small and define

z® =z +ed
@ =z —cd

Hence, T = %m(l) + %:c@), where (1) and 2(?) are distinct. Thus, Z is in the line segment between (1) and
(2)
x(?),

We need to show that (1), 2(2) ¢ P for ¢ > 0 arbitrarily small. We have
A=z = A= (Z + ed)
=AT & +cA™d
—b= =0

:b:

Similarly, A=2(?) = b=. Let a "« < 3 be any of the inequalities of Az < b that is not in A=z < b=. It follows
for £ > 0 arbitrarily small that:

a'zM =a'(Z +ed)
—a'Z+ca'd
<B
<B

hence (1) € P. Similarly, z(?) ¢ P. Thus, Z is properly contained in P and hence is not an extreme point. []

Example

O O N
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s ]

rank(A=) = 2 = n, therefore (1) is an extreme point of F.

(i) @ = B] A= = B (1)]

rank(A=) = 2 = n, therefore «(?) is an extreme point of F.

(i) 2 = m A==T]1 0

rank(A~) = 1 < 2 = n, therefore £(® is not an extreme point of F.

THEOREM 3.6.16. Let A € R™*™ with rank(A) = m. Let P = {x € R" : Az = b,x > 0}, and let
& € P. x is an extreme point of P if and only if T is a basic feasible solution of Ax = b.

F:={xcR?:
P:= {ac eR*: {
Note that for every feasible solution 1} eF
2

71

2 2
Conversely, for every || € P, { .| er

T3 To

24

i

1

D

®

il

(£)

A

w,
(N

34

Consider the basis B := {3,4} of A. The corresponding basic feasible solution is Z = (0,0,4,2)". Thus, Z is

an extreme point of P.

3.6.4 Geometric Interpretation of Simplex Algorithm

P

maxz:=cCc I
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subject to

Suppose n = 1 and m = 6 with b > 0.

35
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Duality Theory

P

max{cT:B Az =0b, x > 0}

Recall the notation of optimality certificate 4 € R™ such that AT > c. We noted that for every feasible x in
P), Az =b — gTAa: = @Tb

Since ATy >candx > 0,wehavec'z < ' Ax = 4 'b. So as long as y € R™ with ATy > ¢, we can get an
upper bound of by on the optimal objective value of (P).

We want to minimize b 'y subjectto ATy > ¢
DEFINITION 4.0.1. Given (P)
max{c'x: Az = b, z > 0}

we define (D)
min{b'y: ATy > ¢, y >0}

to be the dual of (P).

EXAMPLE 4.0.2 (Dual). Find the dual of (P,): max{c'z: Az < b, > 0}.

Solution.
Convert to SEF by introducing slack variables: s = (sy,...,5,)".
(P2)
maxe” [%]
S
subject to
[A]1] m —b
s
(z,5)" >0
(D2)
minb'y
AT c
=19

>

y=>0
Thus, the dual of (P;) is (Ds): min{b"y : ATy > ¢, y > 0}.

36
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Last lecture, we defined the dual of LPs in SIF and found the dual of (P;).
(P)) : max{c'x: Az < b, > 0}

(D1): min{b'y: ATy >c, y >0}

EXAMPLE 4.0.3 (Directly Writing the Dual of an LP). Suppose A € R3*4,

(P)
max 10.%1 S 201’2 aF 30%3 T 40$4
subject to
a—lr il < |1
ay x2 = (2
a; 3 > |3
T4

212> 0,29 > 0,23 <0, 24 free

where aj,as,as € R%.

(D)
Y
min [1 2 3] Y
Y3
subject to
> (10
Y1 > (20
[al az (13] Y2| 30
Ys| _ 40

Y1 = 0792 free7y3 < 0

Dual of the dual is the original problem, the primal.
Since:

1. constraint 1 in (P) is <, then y; > 0
constraint 2 in (P) is =, then y, free
constraint 3 in (P) is >, then y3 < 0
21,22 > 0, then constraint 1, 2 in (D) is >
x3 < 0, then constraint 3 in (D) is <
x4 free, then constraint 4 in (D) is =

oh P gs B9 I

4.1 Weak Duality

THEOREM 4.1.1 (Weak Duality—Special Form). Consider (P)
max{c'x: Az < b, x > 0}
and (P)’s dual (D)
min{b'y: ATy >c, y >0}

Let & be a feasible solution for (P) and y be a feasible solution for (D). Then
(1) c"z<b' gy
(2) ifc"x = b'y, then & is an optimal solution for (P).
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Proof. Let & be a feasible solution of (P) and let 4 be a feasible solution of (D). Then
cE< (g Az
=g (AzZ)

<y'b

If c"z = b it follows that Z is optimal for (P). O

THEOREM 4.1.2. Let (P) and (D) be a pair of primal-dual LPs. Then
(1) if (P) is unbounded, then (D) is infeasible
(2) if (D) is unbounded, then (P) is infeasible
(3) if (P) and (D) are both feasible, then they both have optimal solutions

Proof. (1) We prove the contrapositive, that is we prove: [(D) feasible = (P) not unbounded]

Suppose that (D) is feasible. By Weak Duality theorem, we know that b' y is an upper bound on (P). Thus, (P)
is not unbounded.

(2) We prove the contrapositive, that is we prove: [(P) feasible —> (D) not unbounded]

Suppose that (P) is feasible. By Weak Duality theorem, we know that ¢« is a lower bound on (D). Thus, (D)
is not unbounded.

(3) Assume (P) and (D) are both feasible. By (1) and (2) we know that (P) and (D) are both not unbounded.
By Fundamental Theorem of Linear Programming, we know that exactly one of the following holds from

(D-(11):
(D (P) and (D) are infeasible
(ID (P) and (D) are unbounded
(II1) (P) and (D) both have optimal solutions

Clearly, we know that (I) and (IT) both do not hold in this part of the proof, thus (P) and (D) both have optimal
solutions. O

4.2 Strong Duality

THEOREM 4.2.1 (Strong Duality). Let (P) and (D) be a pair of primal-dual LPs. Then
(1) If there exists an optimal solution x of (P), then there exists an optimal solution gy of (D).
(2) The value of x in (P) equals the value of g in (D).

4.3 A Geometric Characterization of Optimality

4.3.1 Complementary Slackness

Recall our proof of Weak Duality. Then for LPs in SEF: &, gy are feasible in (P) and (D) respectively. Z is optimal
in (P), g is optimal in (D) if and only if

clz=(ATg) z=gy (Ax)=¢'b

The first equality came from (ATy)" = ¢', and the last equality came from AZ = b (check Weak Duality
Theorem—Special Form). That is, if and only if

z'(ATg—¢c)=0
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and

g (b—AZ) =0
That is, if and only if Vj € {1,...,n} either z; = 0 or (AT § —¢); = 0 possibly both, and Vi € {1,...,m} either
y; = 0 or (b — AZx),; = 0 possibly both. We call these the Complementary Slackness Conditions (CS).

THEOREM 4.3.1 (Complementary Slackness). Let (P) and (D) be an arbitrary primal-dual pair. Let &
be a feasible solution to (P) and let y be a feasible solution to (D). Then, Z is an optimal solution to (P)
and 4 is an optimal solution to (D) if and only if the complementary slackness conditions hold.

EXAMPLE 4.3.2 (Complementary Slackness). (P)
max [—2 —1 O] x

subject to

r1 <0, 2 >0, x3 free

(1) Write the dual (D) of (P)

(2) Write the complementary slackness (CS) conditions for (P) and (D)

(3) Use weak duality to prove that & is optimal for (P) and g is optimal for (D)
(4) Use CS to prove that Z is optimal for (P) and ¥ is optimal for (D)

and
T = (717073)T ?j: (*1,1)T
Solution.
(1)
(D)
min [5 7]

subject to

1 -1 >2[-2

3 4 |y<|-1

2 2 =10

y1 <0, y2 >0, y3 free

(2)

* [22 =0]OR 3y, + 4y = -1
* y1 =0OR |z + 3z, + 23 = 5|
* Yo :OOR‘—xl + 4xo + 223 :7‘
(3) Verify that  and 4 are feasible for (P) and (D), and check ¢"z = b 4.
(4) By Complementary Slackness Theorem, this is trivially true as seen boxed above.

4.3.2 Geometry
P

max 2x1 + o

subject to
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(D)
min 4y,
subject to
1 -1 0] |2
1 0o —1/Y7 1
Y1, Y2, y3 = 0

Let Z be a feasible solution of (P) and .J(Z) denote the indices of the tight constraints at Z.

Then, Z is optimal in (P) if and only if ¢ is a non-negative linear combination of tights rows (A~).

Suppose T = (4,0) . Then A= = B _11} . That is, & is tight at row; (A) and rowz(A).

J(Z) :={1,3}, so & is optimal if and only if 3y, y» such that

CT = ﬂl [I‘OWl(A)] + QQ [I"OW3 (A)]

2019-11-05

DEFINITION 4.3.3. Let V), ..., a*) € R”. We define the cone generated by a("), ..., a® to be the set
k .
C= cone{a(l), o e R”} = {Z)\ia(” N =0,V e {L...k}}
=il

We define the cone generated by an empty set to be {0}.

DEFINITION 4.3.4. Let P := {x: Az < b} and let £ € P. Let J(Z) be the row indices of A corre-
sponding to the tight constraints of Az < b, thatis, ¢ € J(&) if and only if row;(A)Z = b;. We define
the cone of tight constraints for & to be the cone C generated by the rows of A corresponding to the
tight constraints, that is

C = cone {row;(A)" :i € J(z)}

THEOREM 4.3.5. Let T be a feasible solution to max {c¢ '@ : Az < b}. Then & is optimal if and only if ¢
is in the cone of tight constraints for .
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Duality Through Examples

2019-11-12

5.1 The Shortest Path Problem

Given a graph G = (V, E), two distinct distinguished nodes s,t € V, ¢, > 0 Ve € E, we want to find a shortest
path from s to ¢

DEFINITION 5.1.1. Let G = (V, E) be a graph, and let U C V. We let 6(U) denote the set of edges
that have exactly one endpoint in U. That is,

dU)={w e E:uelU,veU}

DEFINITION 5.1.2. Let G = (V, F) be a graph, and let U C V. Suppose G has a distinct pair of vertices
s and t. An s-t cut is the set of edges of the form 6(U) where s e U, t ¢ U.

DEFINITION 5.1.3. Let G = (V, E) be a graph. Suppose G has a distinct pair of vertices s and ¢. An
s-t path P in G is the following sequence of edges of G

{v1,...,vx}

where v; = s, v =t, and v; # v; for ¢ # j (as s and ¢ are distinct).

THEOREM 5.1.4. An s-t path P intersects every s-t cut.

Proof. Let G = (V, E) be a graph with a distinct pair of vertices s and ¢, let P be an s-t pathof G, let U C V,
and let §(U) be an arbitrary s-t cut of G. Follow the path P starting from s to u where w is the last vertex of P
in U, and denote v’ the vertex that follows u in P. Note that u exists since s € U, ¢t ¢ U. Then by definition
wu' is an edge that is in §(U). O

THEOREM 5.1.5. Let S C E be a set of edges that contains at least one edge from every s-t cut. Then
there exists an s-t path P that is contained in the edges of S.

41
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Proof. Let S C E be a set of edges that contains at least one edge from every s-t cut. Let U be the set of
vertices that contain s as well as all vertices u for which there exists a path from s to u only using edges in S.
We need to show that there exists an s-t path that is contained in the set of edges of S, i.e. ¢ € U. Suppose for
a contradiction that ¢ ¢ U. We know §(U) is an s-t cut by definition. By our hypothesis, there exists an edge
wu’ € S, where u € U, v ¢ U. By construction, there exists and s-u path @ that is contained in S. Then the
path obtained from @ by adding an edge wu’ is an s-u’ path contained in S. By definition of U, we have that
u' € U, contradiction. O

Suppose G contains an s-t path. Let S C E be a set of edges that contains at least one edge from every s-t cut.
Then such S contains an s-t path.

1, if edge e is in the shortest s-t path
Te = .
0, otherwise

(IP)
min Z Cee
eckE
subject to
>ooze =2 1 (UCV,s€U,t¢U)
ecd(U)
Te > 0 (e€ E)
Te € Z (e € E)

If c. > 0 (e € E) then optimal solutions of this IP correspond to shortest s-t paths. If some ¢, = 0 (e € E),
then some optimal solutions will correspond to sets like set .S above which contains a shortest s-t path.

Let (P) denote the LP relaxation of (IP) (replace x.{0,1} with 0 < z. < 1 (e € E)). Write down the dual of
P): (D)
max Z(yU :0(U) is an s-t cut)
subject to
> (yu : 6(U) is an s-t cut containing e)
Yu

Ce (e€ E)

<
> 0 (UCV,sel,tgU)

A consequence of Complementary Slackness for a shortest path problem is: Let P be an s-t path (as set of
edges) and let  be a feasible solution of (D). Suppose

* every edge in P corresponds to an equality edge X (yy : 6(U) is an st-cut containing e ) = ¢,

* for every active cut (i.e. st-cut 6(U) such that gy > 0, P must contain at least one edge from that st- cut)
Then P is a shortest s-t path.
REMARK 5.1.6. yy := 0 for all s-¢ cuts 6(U) gives a feasible solution of (D)
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5.2 An Algorithm

Given y, slacky(e) is
ce — X(yu : 6(U) is a s-t cut containing e)

That is, slack, (e) is the length of e minus the total width of all s-¢ cuts using e.

Algorithm 3: Shortest path
Input :Graph G = (V,E), costsc. > 0foralle € E, s,t € V, where s # t.
Output : A shortest s-¢t path P.
Y = 0 for all s-t cuts 6(W). Set U := {s}
while ¢ ¢ U do
Let ab be an edge in 6(U) of smallest slack for y wherea € U, b ¢ U
yu = slack, (ab)
U:=Uu{b}
change edge ab into an arc ab

A U1 A W DN

return A directed s-t path P.

N

This is similar to Dijkstra’s shortest path algorithm, but out algorithm also generates an optimality certifi-
cate.

2019-11-14

5.3 Minimum Cost Perfect Matching Problem in Bipartite Graphs

Given a bipartite graph G = (V, F) with bipartition [W, J] where W N J = @ and W U J = V with cost ¢, € R
for each e € E, we want to find a perfect matching of minimum cost.

What are necessary conditions for having a perfect matching in G?
. =7 =M
(Wi =1J] =5
* For every S C W, the neighbour set of S,
NS)={veV:weFEueSv¢S}

has as many vertices as S.

THEOREM 5.3.1 (Hall’'s Theorem). Let G be a bipartite graph with bipartition [W, J|. Suppose |W| = |S],
then G has a perfect matching if and only if

S| < IN(S)]
foreach S € W.
Therefore, if G does not have a perfect matching, then G has a deficient set; a subset S C W such that
V(S <15

Moreover, there is an efficient algorithm to find such deficient sets.

(IP)
min Z CeTe

ecE
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subject to
> oze = 1 WweV
ecd(V)
x > 0
T € ZF

Recall the meaning of x.:

1 if edge e is in the minimum cost perfect matching
0 otherwise

(D)

max Z Yo

veV

subject to
Yu+ Yo SCuw  Yuww € E

Y = min 7{61”}
uwveFR 2

is a feasible solution for (D).

Complementary Slackness Theorem implies: a feasible solution y of (D) is optimal if and only if there exists a
feasible solution z of (P) such that
x>0 —= Yu + Yo = Cup

Let H = (V. E(y)), () — {ww e B }
Y) ={uv € E: Yy + Yo = Cup

if we can find a perfect matching in H, then that perfect matching is an optimal solution of (IP).
If H does not have a perfect matching, then H has a deficient set S C .

Modify our dual solution:

Yp+e vES
Yo =Yy — € UENH(S)
Vo otherwise

Choose
€:=min{cyy — Yo + T : uv € E,u € S;v ¢ Ng(S)}

If no such ¢ exists, (Mg (S) = N(S)), then S is a definite set in G; moreover, (IP) and (P) are infeasible and
(D) is unbounded.
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Algorithm 4: Minimum Cost Perfect Matching in Bipartite Graphs
Input :Biparite graph G = (V, E') with biparition [W, J] such that |W| = |.J|, ¢. € R, for each
ecFE
Output : A minimum cost perfect matching, or a deficient set S.
1 gy :=1/2 mi}g{ce} forallv e V
ee

2 Construct H = (V, E(y))

3 Find a perfect matching in H. If yes, STOP; we have a minimum cost perfect matching. Otherwise,
find a deficient set S in H.

4 If Auv € E such that u € S, v ¢ Ny (S), then STOP; G has no perfect matching, S is a deficient set
in G.

5 € :=min{cyy — Yu + o : w0 € E,u € S,v & Ny (9)}

Yp+e vVES
6 Yo =48, —€ veENg(S)
o otherwise

7 Go to step 2.

Note that in every iteration, ¢ > 0 and the objective value goes up by
e(|S] = [Nu(S)]) >0

Note that when the algorithm stops with a minimum cost perfect matching, the current y is a certificate of
optimality.

2019-11-19

Left class early due to questionable lecturer.

2019-11-21

DEFINITION 5.3.2. Given a set S C R"™, the convex hull of S is the smallest convex set which contains
S. Equivalently,

conv(S) = ﬂ C

where C C S is convex.

Let S; D Ss, ¢ € R™ and consider

(Py) max{c'x:x € Sy}
(Py) max{c'x:x € S;}

If we have an optimal solution & of (P;) and & € Ss, then Z is an optimal solution of (P). Regardless of
whether Z € S, ¢ Z is an upper bound on the optimal value of (P).

(IP) maxc'z

subject to
Az = b
x > 0
x € 7"
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(LP) maxc'

subject to
Ax
x

b
0

Find an optimal solution & of (LP). If & € Z", then & is optimal in (I P). Otherwise, find a cut (Z €
R’IL \ Zn)

WV

a'z >«
such that
@ a'z<a
i) ez >«
for all « feasible in (I P). The inequality “cuts” the current optimal solution  of (LP).

EXAMPLE 5.3.3 (Cutting Plane Algorithm).

(IP) max xo
subject to
3x1 + 229 < 6
—3x1 + 272 < 0
o= (z1,22)) > 0
x € 7?2

Introduce slack variables 3, x4 € Z>(. Then solve the LP relaxation:

— 1 1 3

L + fzz - x4y = 1
1

T+2 + %3 + T3z = %

For every feasible solution of (IP),

L 3
T3+ -3+ 24 = =
3Ty Ty T g

:>:c+lx+1x<§
2 43 44\2

Since there are no integers in (1, 3/2), every feasible solution of the (IP)

3
we call this a cut since:
(i) we proved above
(ii) o =3k >1
Add the constraints x5 + x5 = 1, with 5 > 0 to the LP relaxation and solve.

g = - x5 + 1
1 2 2

X1 — gl’4 + 5935 = 3
T2 =+ Is5 = 1

r3 + x4 — 4dxs = 2

Add the constraints z; + x4 + 2 = 0 with xg > 0 to the LP relaxation and solve.

g = — x5 + 1
1 + Is — %xg = =1
To + x5 = 1

I3 - 5.’E5 + %(EG = 1
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x* = (1,1) " with objective value » = 1 is optimal in (LP).

Another idea for solving IPs is Branch-and-Bound (related to Divide-and-Conquer). Separate the problem
at hand into exhaustive and mutually exclusive sub-problems (Branching). For each sub-problem, solve its
relaxation and get an upper bound on the optimal objective value of the sub-problem. If the upper bound is
less than the objective value of the current best integer solution, fathom this branch.
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Non-linear Optimization

2019-11-26

All linear programs are non-linear programs.

6.1 Convexity

DEFINITION 6.1.1. Let f : R® — R. Then & € R" is a local minimizer if for some £ € R, we have
that f(x) > f(&) where
[l —Z|| < e

for all x € R™.
DEFINITION 6.1.2. Let f : R® — R. Then & € R" is a global minimizer if for each € R",

f(®) > f(Z)

6.1.1 Convex Functions and Epigraphs

DEFINITION 6.1.3. Let C' C R™ be a convex set. Let f : C' — R. f is convex if for each x,y € R™ and
A€ [0,1]
fOz+ (1 =Ny) < Af(z) + (1= N)f(y)

DEFINITION 6.1.4. Let f : R™ — R. The epigraph of f is the following set:

epi() = { (&) e RxE": f(o) < )

THEOREM 6.1.5. Let f : R™ — R be convex. f is convex if and only if epi( f) is convex.

48
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Proof. (=) Suppose f : R™ — R is convex. Let (’11) , (’5) € epi(f) and A € [0,1]. We have

FO@ + (1= Ny) < Af(@) + (1 - N (y) < Mo+ (1 Vg

which implies
Apr+ (1= Az .
(Am+(1 Ny ) €l

( <) Suppose epi(f) is convex. Let x,y € R" and X € [0, 1]. Then, (f(;)> ) (f;y)> € epi(f). Hence,
A <f§”)) (=) (fg/;;)) € epi(f)

Hence, by definition of epi(f),

fOz+(1=Ny) <Af(@)+(1-N)f(y)

Thus, f is a convex function.

6.1.2 Level Sets and Feasible Region

DEFINITION 6.1.6. Let f : R™ — R be a convex function and 8 € R. The level set of f is:

Sg={x e R": f(z) < S}
THEOREM 6.1.7. Let f : R™ — R be a convex and 5 € R. Then the level set is a convex set.

Proof. Since f is convex, we know that

Thus, Az + (1 — A\)y € Sg. Thus, Ss is a convex set.

49
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6.2 Relaxing Convex NLPs
6.2.1 Subgradients

DEFINITION 6.2.1. Let g : R™ — R be convex, and let £ € R"™. We say that s € R is a subgradient at

if for every x € R™ the following inequality holds:

9(&) + s (z — %) < g()

{xeR”:g(z) <0} C{x cR":s"x <s'x— g(x)} Consider the NLP

(Pc)mine' x
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subject to
9i(z) <0

gi; convex foralli e 1,...,m.
Let & be feasible in (P¢): g;(z) < O0foralli e {1,...,m}.
Consider the LP problem

(LPc)mine' z

subject to . ‘
() Tx < ()& — gi(®)

s € R™ is a subgradient of ¢; at T

For (LP¢), we know that z is optimal if and only if
—c € {cone of tight constraints at Z}

If this condition holds, then & is optimal in (LPr) as well as (P¢).

THEOREM 6.2.2. Let & € R™ be a feasible solution of (P¢). Let s} € R™ denote the subgradients of g;
at z for all i € J(x), where J(x) := {i : gi(&) = 0}. Then, if

—c € cone{s") :i e J(Z)}
& is optimal in (Pg).
The convex function f is differentiable at Z, but not differentiable at 2.

Let f : R" —» R, let £ € R", then f is differentiable at Z if there exists s € R™ such that

i F@ 1) = (@) = 5T

=0
0 Al

If f is differentiable at &, then such an s is a subgradient of f at & (and it is unique). We denote such s
by
Vf(z)
gradient of f at &. If f is continuously differentiable at z, then
of
611
Vi@)=| :
of

Dz

For example, consider f : R? = R, f(z) = f21% + 23. What is the subgradient of f at & := (2,1) '?

V(@) = (g, 20)"

The subgradient at Z is Vf(Z) = (1,2) .
Consider the constraint g(z) = 123 + 23 — 2 <0.

Consider a convex NLP:
min f(x)
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subject to

gi(z) <0

gm () <0

Note that we can relax any constraint g;(x) < 0 of NLP by replacing it with
s'e<s'&—gi(T)
where Z is a subgradient of g; at . Note that since f is convex, if it differentiable, then
f@) > f(&) + V(@)@ - )
In dealing with the convex NLP, we can use the LP problem
minVf(z) 'z + f(&) - V() z

subject to

Vo (@) <1(®)" - g1(2)

VQm(i)T < gm(:i)—r - gm(i)
& is called a Slater point for the NLP if

gi(&) <0 Vie{l,...,m}

THEOREM 6.2.3 (Karush-Kuhn-Tucker). Consider a convex NLP that has a Slater point. Let T € R™ be a
feasible solution and assume that f, g1, gs, - . . , gm are differentiable at &. Then Z is an optimal solution of
NLP if and only if

—Vf(&) € cone{Vy;(Z) :i € J(&)}

EXAMPLE 6.2.4. (NLP)

it () = —mn 4
gi(x) = (x1 — 1) +($2—1) -1<0
go(x) =22 + 23 —1<0

e Is#:=(0,1)" optimal?
e Isz:=(1,0)" optimal?
Solution. We can see that & := (1/2,1/2) " is a Slater point.

~Vf@) =(@1,-1)7

91(15) = (03 _2)T, gQ(i) = (270)T
Thus,

-Vf(x)= %91("5) + %92(5’)

= —Vf(Z) € cone {Vyg1(Z), g2(T)}

Hence, Z is optimal in NLP.
Exercise: Show that & is not optimal.

51
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2019-12-03

Graphical representation of last example was done.

DEFINITION 6.2.5. Given an NLP, let F© C R" denote its feasible region. £ € F is called a local
minimiger if 3¢ > 0 such that

f(@) < flz)

forallz e Fn{zx: ||z —Z|2 < e}

DEFINITION 6.2.6. Given an NLP, let I C R™ denote its feasible region. & € F is called a global
minimiger if
f@) < flz)

forallxz € F.

THEOREM 6.2.7. For convex NLPs, every local minimizer is a global minimizer.

Proof. Let F' denote the feasible region of the NLP, and let £ € F be a local minimizer. Suppose for a
contradiction that Z is not a global minimizer. Then there exists a & € F' such that

f(@) < f(@)

Since f is convex, for all A € [0, 1],
AZ + (1 —N\)& € F]

So,
fOAZ+(1=XN)2) <Af(@)+ (1 -Nf(@) < f(Z)

contradiction. O

Interesting Future (Optimization) Courses

* CO 351: Network Flow Theory (Assignment, Shortest Path, Perfect Matching)
* CO 367: Non-linear Optimization
* CO 353: Computational Discrete Optimization (Transportation, Branch and Bound)
e CO 370: Deterministic OR Models (First Weeks of CO 250)
* CO 372: Portfolio Optimization (see 2.0.16)
* CO 342: Graph Theory
* CO 454: Scheduling
* CO 456: Introduction to Game Theory (Dual Variables in Shortest Path, Allocation of Resources)
e Advanced Courses (80%+*):
- CO 450, 452, 463, 466, 471, 673
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