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Lecture 1
9th January

1 Lecture 1: Review of Linear Algebra

DEFINITION 1.1: Vectors in Rn

For any positive integer n, we define n-dimensional Euclidean space Rn by

Rn =


x1

...
xn


∣∣∣∣∣∣∣ x1, . . . , xn ∈ R

.
If #»x ∈ Rn, then there exists x1, . . . , xn ∈ R such that

#»x =

x1
...
xn

 .

DEFINITION 1.2: Matrix

An n×m matrix A is a rectangular array with n rows and m columns. We denote the entry in the ith
row and jth column by aij or (A)ij . That is,

A =



a11 a12 · · · a1j · · · a1m

a21 a22 · · · a2j · · · a2m

...
...

...
...

ai1 ai2 · · · aij · · · aim

...
...

...
...

an1 an2 · · · anj · · · anm


.

The set of all n×m matrices with real entries is denoted by Rn×m.

DEFINITION 1.3: Transpose

Let A ∈ Rn×m. We define the transpose of A, denoted A′, to be the m× n matrix whose ijth entry is
the jith entry of A. That is,

(A′)ij = (A)ji.

DEFINITION 1.4: Square Matrix

An n× n matrix is called a square matrix.

DEFINITION 1.5: Symmetric Matrix

A matrix is called symmetric if A′ = A.

DEFINITION 1.6: Diagonal Matrix

An n× n matrix D is said to be a diagonal matrix if dij = 0 for all i ̸= j. We denote a diagonal matrix by

D = diag(d1, d2, . . . , dn).
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DEFINITION 1.7: Identity Matrix

The n×nmatrix I (or In) such that (I)ii for 1 ≤ i ≤ n, and (I)ij = 0 whenever i ̸= j is called the identity
matrix.

DEFINITION 1.8: Upper Triangular, Lower Triangular

An n×m matrix U is said to be upper triangular if uij = 0 whenever i > j. An n×m matrix L is said
to be lower triangular if ℓij = 0 whenever i < j.

• Upper triangular:

U =


u11 u12 · · · u1m

0 u22
. . .

...
...

. . . . . . u(n−1)m

0 · · · 0 unm

 .

• Lower triangular:

L =


ℓ11 0 · · · 0

ℓ21 ℓ22
. . .

...
...

. . . . . . 0
ℓn1 · · · ℓn(m−1) ℓnm

 .

DEFINITION 1.9: Vector/Matrix of 1’s and 0’s

Vector of 1’s:

#»
j =

1
...
1

 ∈ Rn.

Matrix of 1’s:

J =

1 · · · 1
...

. . .
...

1 · · · 1

 ∈ Rn×n.

Zero vector:

#»0 =

0
...
0

 ∈ Rn.

Zero Matrix:

O =

0 · · · 0
...

. . .
...

0 · · · 0

 ∈ Rn×n.

DEFINITION 1.10: Matrix Mapping

If A is an n × m matrix, then we can define a function T : Rm → Rn by T ( #»x ) = A #»x called a matrix
mapping. For this mapping, we define:

• Kernel
Ker(T ) = { #»x ∈ Rm | A #»x = #»0 }.
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• Image
Image(T ) = {A #»x ∈ Rn | #»x ∈ Rm}.

• Rank
rank(T ) = dim(Image(T )).

• Nullity
nullity(T ) = dim(Ker(T )).

REMARK — Rank-Nullity Theorem

rank(T ) + nullity(T ) = m.

REMARK

Note that

A =

a11 · · · a1m

...
. . .

...
an1 · · · anm

 =


#»a 1
...

#»a n

 =
(

#»a 1 · · · #»am
)
.

Clearly, the image of T is the space generated by #»a 1, . . . , #»am. Therefore,

rank(T ) = column rank of A.

THEOREM 1.1

A and A′ have the same column rank.

Proof: Let A → T , A′A → T̃ , and A′ → T̂ .

(1) Let #»x ∈ Ker(T ), so we have A #»x = #»0 =⇒ A′A #»x = #»0 . Hence, #»x ∈ Ker(T̃ ). So, Ker(T ) ⊂
Ker(T̃ ).

(2) A′A #»x = #»0 =⇒ #»x ′A′A #»x = 0 =⇒ (A #»x )′A #»x = 0 =⇒ A #»x = 0. So, Ker(T̃ ) ⊂ Ker(T ).

Therefore, rank(T ) = rank(T̃ ). By Rank-Nullity theorem, A and A′ have the same column rank, noting
that Image(T̃ ) ⊂ Image(T̂ ). Hence, the column rank of A is less than or equal to the column rank of A′.
By symmetry, the column rank of A′ is less than or equal to the column rank of (A′)′ = A. Therefore, A
and A′ have the same column rank.

REMARK

The column rank of A′ is the row rank of A. Hence,

rank(A) = maximum number of linearly independent rows of A
= maximum number of linearly independent columns of A.

DEFINITION 1.11: Full Rank

Let A ∈ Rn×m. We say A has full rank if rank(A) = min{n,m}
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THEOREM 1.2

Let A ∈ Rn×m and B ∈ Rm×p.

(1) (AB)′ = B′A′ ∈ Rp×n.

(2) #»
j ′ #»
j = n and #»

j
#»
j ′ = J.

(3) JJ = nJ.

THEOREM 1.3

(1) rank(A) = rank(A′).

(2) rank(A′A) = rank(AA′) = rank(A) = rank(A′).

(3) rank(AB) ≤ min{rank(A), rank(B)}.

Proof: We have already shown (1) and (2). For (3), we have

rank(AB) ≤ rank(A).

On the other hand,
rank(AB) = rank(B′A′) ≤ rank(B′) = rank(B).

REMARK — Invertible Matrix Theorem

A ∈ Rn×n is invertible (non-singular) if and only if rank(A) = n, and we denote the inverse of A by
A−1.

REMARK — Properties of Invertible Matrices

(1) A−1A = AA−1 = I.

(2) (A′)−1 = (A−1)′.

(3) (A−1)−1 = A.

(4) (AB)−1 = B−1A−1.

DEFINITION 1.12: Positive Definite, Positive Semidefinite

• A is positive definite when #»x ′A #»x > 0 ⇐⇒ #»x ̸= #»0 .

• A is positive semidefinite when #»x ′A #»x ≥ 0 for all #»x and there exists #»x ̸= #»0 such that #»x ′A #»x = 0.

DEFINITION 1.13: Orthogonal

A ∈ Rn×n is orthogonal if A′ = A−1.

DEFINITION 1.14: Eigenvalue, Eigenvector, Spectrum

Let A ∈ Rn×n. If there exists a vector #»x ̸= #»0 such that A #»x = λ #»x , then λ is called an eigenvalue of
A and #»v is called an eigenvector of A corresponding to λ. The set of all eigenvalues of A is called the
spectrum for A.
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EXAMPLE 1.1 (
1 2
2 1

)
︸ ︷︷ ︸

A

(
1
1

)
︸︷︷︸

#»v

= 3︸︷︷︸
λ

(
1
1

)
︸︷︷︸

#»v

.

THEOREM 1.4: Spectral Decomposition

Let A ∈ Rn×n with eigenvalues λ1, . . . , λn. A is symmetric if and only if

A = Q′ diag(λ1, . . . , λn)Q,

where Q is an orthogonal matrix, that is, QQ′ = I.

THEOREM 1.5

Let A ∈ Rn×n be a symmetric matrix.

(i) A is positive definite (semidefinite) if and only if all eigenvalues are positive (non-negative).

(ii) A is positive definite if and only if there exists a unique lower triangular matrix L with positive diagonal
elements such that A = LL′ (Cholesky decomposition).

DEFINITION 1.15: Idempotent, Trace

• A ∈ Rn×n is idempotent if A = A2.

• Let tr : Rn×n → R be defined by

tr(A) =
n∑

i=1
aii

(called the trace of a matrix).

THEOREM 1.6

Let A ∈ Rn×m, B ∈ Rm×p, C ∈ Rp×n, and a, b ∈ R.

(1) tr is linear: tr(aA + bB) = a tr(A) + b tr(B).

(2) Cyclic property: tr(ABC) = tr(CAB) = tr(BCA).

Proof:

(1) By definition.
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(2) Note that

tr(ABC) =
n∑

i=1

m∑
k=1

p∑
j=1

aikbkjcji

=
p∑

j=1

n∑
i=1

m∑
k=1

cjiaikbkj

= tr(CAB)

=
m∑

k=1

p∑
j=1

n∑
i=1

bkjcjiaik

= tr(BCA).

REMARK — Properties of Idempotent Matrices

(1) Eigenvalues of idempotent matrices are 1 or 0 since

A #»x = λ #»x

=⇒ AA #»x = λA #»x = λ2 #»x

=⇒ λ #»x = λ2 #»x

=⇒ λ = λ2

=⇒ λ = 0 or 1.

(2) Idempotent matrices are diagonalizable, that is, there exists an invertible matrix P such that
A = P−1DP, where

D = diag(λ1, . . . , λn), ∀λi = 0 or 1.

(3) If A is idempotent, then tr(A) = rank(A).

tr(A) = tr(P−1DP)
= tr(DPP−1)
= tr(D)
= λ1 + · · · + λn

= # of non-zero λi’s
= rank(A).

Lecture 2
12th January

2 Lecture 2: Quadratic Forms and Distributions

DEFINITION 2.1: Quadratic Form

The quadratic form associated A ∈ Rn×n is defined as

#»x ′A #»x =
n∑

i=1

n∑
j=1

xiaijxj .
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If Ã = A + A′

2 , then note that Ã is symmetric and

#»x ′Ã #»x =
n∑

i=1

n∑
j=1

xj
aij + aji

2 xj

=
n∑

i=1

n∑
j=1

xiaijxj

= #»x ′A #»x .

Therefore, there is a one-to-one correspondence between quadratic forms and symmetric matrices.

EXAMPLE 2.1

Let S2 denote the sample variance of a random sample X1, . . . , Xn. Set

#»

X =

X1
...
Xn

 , #»µ = E[ #»

X] =

µ1
...
µn

 .

Write (n− 1)S2 as a quadratic form and identify the matrix A.

Solution:

(n− 1)S2 =
n∑

i=1
(Xi −X)2

=
n∑

i=1
X2

i − 2
( n∑

i=1
Xi

)
X + nX

2

=
n∑

i=1
X2

i − 1
n

( n∑
i=1

Xi

)2

= #»

X ′ #»

X − 1
n ( #»
j ′ #»

X)2

= #»

X ′ #»

X − 1
n

#»

X ′ #»
j

#»
j ′ #»

X

= #»

X ′(I − 1
n

#»
j

#»
j ′) #»

X

= #»

X ′(I − 1
n J) #»

X.

Hence, A = I − 1
n J is symmetric.

THEOREM 2.1

If #»

X is a random vector with mean #»µ , covariance matrix Σ, and A is a symmetric matrix of constants, then

E[ #»

X ′A #»

X] = tr(AΣ) + #»µ ′A #»µ.
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Proof:

E[ #»

X ′A #»

X] = E[tr( #»

X ′A #»

X)]
= E[tr(A #»

X
#»

X ′)]
= tr(E[A #»

X
#»

X ′])
= tr(AE[ #»

X
#»

X ′])

= tr
(

AE
[
( #»

X − #»µ + #»µ)( #»

X ′ − #»µ ′ + #»µ ′)
])

= tr
(
A[Σ + #»µ #»µ ′]

)
= tr(AΣ) + tr(A #»µ #»µ ′)
= tr(AΣ) + tr( #»µ ′A #»µ)
= tr(AΣ) + #»µ ′A #»µ.

EXAMPLE 2.2

Assume that µ1 = · · · = µn = µ and Σ = σ2I. Find E[S2].

Solution:

E[S2] = 1
n−1 E

[
(n− 1)S2]

= 1
n−1 E

[
#»

X ′(I − 1
n J) #»

X
]

= 1
n−1 E

[
tr
(
(I − 1

n J)Σ
)

+ #»µ ′(I − 1
n J) #»µ

]
= 1

n−1 E
[
tr
(
(I − 1

n J)σ2I
)

+ µ2 #»
j ′(I − 1

n J) #»
j
]

= 1
n−1 E

[
σ2(n− 1) + µ2( #»

j ′ #»
j − 1

n

#»
j ′J #»

j )
]

= 1
n−1 E[σ2(n− 1) + 0] since #»

j ′J #»
j = n

#»
j ′ #»
j

= σ2.

REMARK — Multivariate Normal Distribution

Let #»

X = (X1, X2, . . . , Xn) be a 1 × n random vector with E[Xi] = µi and Cov(Xi, Xj) = σij , for
i, j = 1, 2, . . . , n. Let #»µ = (µ1, µ2, . . . , µn) be the mean vector and Σ be the n× n symmetric covariance
matrix whose (i, j) entry is σij . Suppose that also the inverse matrix of Σ, Σ−1 exists. If the joint
probability density function of (X1, . . . , Xn) is given by

f( #»x ) = 1
(2π)n/2|Σ|1/2 exp

{
−1

2( #»x − #»µ)′Σ−1( #»x − #»µ)
}

for #»x ∈ Rn

where #»x = (x1, x2, . . . , xn), then #»

X is said to have a multivariate normal distribution. We write
#»

X ∼ MN( #»µ,Σ).

REMARK — Aitken’s Integral

For any positive definite matrix A ∈ Rn×n, we have∫ ∞

−∞
· · ·
∫ ∞

−∞
exp
{

−1
2

#»x ′A #»x

}
d #»x = (2π)n/2|A|−1/2.
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THEOREM 2.2

If #»

X ∼ MN( #»µ,Σ), its moment generating function is given by

M #»
X( #»

t ′) = E[e
#»
t ′ #»

X ] = exp
{

#»
t ′ #»µ +

#»
t ′Σ #»

t

2

}
.

Proof:

M #»
X( #»

t ′) = (2π)−n/2|Σ|−1/2
∫ ∞

−∞
· · ·
∫ ∞

−∞
exp
{

#»
t ′ #»x − 1

2( #»x − #»µ)′Σ−1( #»x − #»µ)
}

d #»x

= (2π)−n/2|Σ|−1/2
∫ ∞

−∞
· · ·
∫ ∞

−∞
exp
{

−1
2
[
( #»x − #»µ)′Σ−1( #»x − #»µ) − 2 #»

t ′ #»x
]}

d #»x

= (2π)−n/2|Σ|−1/2
∫ ∞

−∞
· · ·
∫ ∞

−∞

exp
{

−1
2
[
( #»x ′ − #»µ ′ − #»

t ′Σ′ + #»
t ′Σ′)Σ−1( #»x − #»µ − Σ #»

t + Σ #»
t ) − 2 #»

t ′ #»x
]}

d #»x

= (2π)−n/2|Σ|−1/2
∫ ∞

−∞
· · ·
∫ ∞

−∞

exp
{

−1
2( #»x ′ − #»µ ′ − #»

t ′Σ′ + #»
t ′Σ′)Σ−1( #»x − #»µ − Σ #»

t )
}

exp
{

−1
2 [ #»x ′ #»

t − #»µ ′ #»
t − #»

t ′Σ′ #»
t + #»

t ′ #»x − #»
t ′ #»µ − #»

t ′Σ #»
t + #»

t ′Σ′ #»
t − 2 #»

t ′ #»x ]
}

d #»x

=
∫ ∞

−∞
· · ·
∫ ∞

−∞
(2π)−n/2|Σ|−1/2 exp

{
−1

2( #»x − #»µ − Σ #»
t )′Σ−1( #»x − #»µ − Σ #»

t )
}

︸ ︷︷ ︸
=1

d #»x

exp
{

#»
t ′ #»µ +

#»
t ′Σ #»

t

2

}
= exp

{
#»
t ′ #»µ +

#»
t ′Σ #»

t

2

}

REMARK — Gamma Distribution

Y is said to have a Gamma distribution with shape α and scale β when

fY (y) = yα−1e−y/β

Γ(α)βα
, for y > 0, α > 0, β > 0,

and 0 otherwise. We write Y ∼ GAM(α, β).

(1) E[Y ] = αβ, Var(Y ) = αβ2.

(2) MY (t) = (1 − βt)−α for t < 1/β.

REMARK — Chi-Squared Distribution

Q is said to have a Chi-squared distribution with n ∈ Z+ degrees of freedom when Q ∼ GAM(n/2, 2).
We write Q ∼ χ2(n).

(1) E[Q] = k, Var(Q) = 2k.

(2) MQ(t) = (1 − 2t)−n/2 for t < 1/2.
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THEOREM 2.3

Let #»

X ∼ MN( #»0 ,Σ). Then #»

X ′Σ−1 #»

X ∼ χ2(n).

Proof: Let Y = #»

X ′Σ−1 #»

X. Then,

MY (t) = E[etY ]

= E[e
#»
X′(tΣ−1) #»

X ]

= (2π)−n/2|Σ|−1/2
∫ ∞

−∞
· · ·
∫ ∞

−∞
exp
{

#»x ′(tΣ−1) #»x − 1
2

#»x ′Σ−1 #»x

}
d #»x

= (2π)−n/2|Σ|−1/2
∫ ∞

−∞
· · ·
∫ ∞

−∞
exp
{

−1
2

#»x ′(1 − 2t)Σ−1 #»x

}
d #»x

= |Σ|−1/2
∣∣∣((1 − 2t)Σ−1)−1

∣∣∣1/2

= (1 − 2t)−n/2

REMARK — Non-Central Chi-Squared Distribution

Let X1, . . . , Xn be independent and Xi ∼ N (µi, 1). Set λ = 1
2

#»µ ′ #»µ = 1
2
∑n

i=1 µ
2
i and W =

∑n
i=1 X

2
i .

Then, W has a non-central chi-squared distribution with degrees of freedom n and non-centrality
parameter λ. We writeW ∼ χ2(n, λ). The usual chi-square corresponds to λ = 0.
Note: The factor 1

2 is used for this course.

Not covered in notes:
MW (t) = (1 − 2t)−n/2 exp

{
λ2t

1 − 2t

}
.

REMARK — F -Distribution

If X ∼ χ2(n) independently of Y ∼ χ2(m) for n,m > 0, then we say U = X/n
Y/m has a (central) F -

distribution. We write U ∼ F (n,m).

If X ∼ χ2(n, λ) independently of Y ∼ χ2(m) for n,m, λ > 0, then we say U = X/n
Y/m has a non-central

F -distribution. We write U ∼ F (n,m, λ). If λ = 0, then U ∼ F (n,m).

Transformation of Multivariate Normal
If Σ is symmetric, then by the spectral theorem, there exists an orthogonal matrix Γ such that

Σ = Γ′ diag(λ1, . . . , λn)Γ,

where λ1, . . . , λn are the eigenvalues of Σ. Note that λi > 0 for all i ∈ [1, n] since Σ is positive definite.
Furthermore, if we set

Σ1/2 = Γ′ diag(
√
λ1, . . . ,

√
λn)Γ,

we see that

Σ1/2Σ1/2 = Γ′ diag(
√
λ1, . . . ,

√
λn) ΓΓ′︸︷︷︸

I

diag(
√
λ1, . . . ,

√
λn)Γ

= Γ′ diag(λ1, . . . , λn)Γ
= Σ.
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Therefore, Σ1/2 is well-defined and is called the square root of Σ.

REMARK

If #»

X ∼ MN( #»µ,Σ), and #»

Z = Σ−1/2( #»

X − #»µ), where Σ−1/2 = (Σ1/2)−1, then
#»

Z ∼ MN( #»0 , I).

Proof:

M #»
Z ( #»

t ′) = E[e
#»
t ′ #»

Z ]

= E
[
exp{ #»

t ′Σ−1/2( #»

X − #»µ)}
]

= exp{− #»
t ′Σ−1/2 #»µ}E

[
exp{ #»

t ′Σ−1/2 #»

X}
]

= exp{− #»
t ′Σ−1/2 #»µ} exp

{
#»
t ′Σ−1/2 #»µ +

#»
t ′Σ−1/2ΣΣ−1/2 #»

t

2

}
= exp

{ #»
t ′Σ−1/2Σ1/2Σ1/2Σ−1/2 #»

t

2

}
= exp

{ #»
t ′ #»
t

2

}
= exp

{
1
2

n∑
i=1

t2i

}
.

Lecture 3
16th January

3 Lecture 3: Some Basic Lemmas
LEMMA 3.1

Let #»

b be a vector and W be a positive definite symmetric matrix. Then,∫ ∞

−∞
· · ·
∫ ∞

−∞
exp
{

−1
2

#»x ′W−1 #»x + #»

b ′ #»x

}
d #»x = (2π)n/2|W|1/2 exp

{
#»

b ′W #»

b

2

}
.

LEMMA 3.2

Let A be a symmetric matrix and #»

X ∼ MN( #»µ,Σ). Then,

M #»
X′A #»

X(t) = |I − 2tAΣ|−1/2 exp
{

−1
2

#»µ ′[I − (I − 2tAΣ)−1]Σ−1 #»µ

}
for small enough t.
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Proof: By definition,

M #»
X′A #»

X(t)
= E

[
exp{t #»x ′A #»x}

]
=
∫ ∞

−∞
· · ·
∫ ∞

−∞

1
(2π)n/2|Σ|1/2 exp{t #»x ′A #»x} exp

{
−1

2( #»x − #»µ)′Σ−1( #»x − #»µ)
}

d #»x

= (2π)−n/2|Σ|−1/2
∫ ∞

−∞
· · ·
∫ ∞

−∞
exp
{

#»x ′tA #»x − 1
2( #»x ′Σ−1 #»x − 2 #»x ′Σ−1 #»µ + #»µ ′Σ−1 #»µ)

}
d #»x

= (2π)−n/2|Σ|−1/2 exp
{

−1
2

#»µ ′Σ−1 #»µ

}∫ ∞

−∞
· · ·
∫ ∞

−∞
exp

−1
2

#»x ′ (I − 2tAΣ)Σ−1︸ ︷︷ ︸
W

#»x + #»µ ′Σ−1︸ ︷︷ ︸
#»
b

#»x

d #»x

= (2π)−n/2|Σ|−1/2 exp
{

−1
2

#»µ ′Σ−1 #»µ

}
(2π)n/2∣∣W−1∣∣1/2 exp

{
#»

b ′W−1 #»

b

2

}
by Lemma 3.1

= |Σ|−1/2 exp
{

−1
2

#»µ ′Σ−1 #»µ

}∣∣W−1∣∣1/2 exp
{

#»

b ′W−1 #»

b

2

}
.

Note that
W−1 =

[
(I − 2tAΣ)Σ−1]−1 = Σ(I − 2tAΣ)−1,

and
#»

bW−1 #»

b = #»µ ′Σ−1Σ(I − 2tAΣ)−1Σ−1 #»µ

= #»µ ′(I − 2tAΣ)−1Σ−1 #»µ,

and
|W−1|1/2 =

∣∣∣[(I − 2tAΣ)Σ−1]−1
∣∣∣1/2

= |I − 2tAΣ|−1/2|Σ|1/2.

Continuing,

M #»
X′A #»

X(t) = |Σ|−1/2 exp
{

−1
2

#»µ ′Σ−1 #»µ

}∣∣W−1∣∣1/2 exp
{

#»

b ′W−1 #»

b

2

}

= exp
{

−1
2

#»µ ′Σ−1 #»µ

}
exp
{

1
2

#»µ ′(I − 2tAΣ)Σ−1 #»µ

}
|I − 2tAΣ|−1/2

= exp
{

−1
2

#»µ ′Σ−1 #»µ + 1
2

#»µ ′(I − 2tAΣ)Σ−1 #»µ

}
|I − 2tAΣ|−1/2

= 1√
|I − 2tAΣ|

exp
{

−1
2

#»µ ′[I − (I − 2tAΣ)−1]Σ−1 #»µ

}
.

LEMMA 3.3

Let λ1, . . . , λn be the eigenvalues of AΣ. Then,

|I − 2tAΣ| = (1 − 2tλ1) · · · (1 − 2tλn).

Proof: By the spectral theorem,
AΣ = Q′ diag(λ1, . . . , λn)Q.
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Then,

I − 2tAΣ = I − 2tQ′ diag(λ1, . . . , λn)Q
= I − Q′ diag(2tλ1, . . . , 2tλn)Q
= Q′ diag(1 − 2tλ1, . . . , 1 − 2tλn)Q.

Therefore,

|I − 2tAΣ| = |Q′||diag(1 − 2tλ1, . . . , 1 − 2tλn)||Q|
= (1 − 2tλ1) · · · (1 − 2tλn).

LEMMA 3.4

For t small enough, we have

I − (I − 2tAΣ)−1 = −
∞∑

r=1
(2t)r(AΣ)r.

Proof: If t is small enough, then I − 2tAΣ is invertible. Thus,

(I − 2tAΣ)
[
I − (I − 2tAΣ)−1] = I − 2tAΣ − I = −2tAΣ.

On the other hand,

(I − 2tAΣ)
(

−
∞∑

r=1
(2t)r(AΣ)r

)
= −

∞∑
r=1

(2t)r(AΣ)r +
∞∑

r=2
(2t)r(AΣ)r

︸ ︷︷ ︸∑∞
r=1

(2t)r+1(AΣ)r+1

= −(2t)AΣ.

Therefore,

(I − 2tAΣ)
[
I − (I − 2tAΣ)−1] = (I − 2tAΣ)

(
−

∞∑
r=1

(2t)r(AΣ)r

)
For small enough t, the inverse of I − 2tAΣ exists, so

I − (I − 2tAΣ)−1 = −
∞∑

r=1
(2t)r(AΣ)r.

DEFINITION 3.1: Cumulant Generating Function

LetMX(t) be the moment generating function of X. Then,

KX(t) = log(MX(t))

is called the cumulant generating function. By Taylor’s expansion,

KX(t) =
∞∑

n=1
κn
tn

n! .

κn = K(n)(0) is the n-th cumulant.
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EXAMPLE 3.1

Let X ∼ N (µ, σ2). Then,

MX(t) = exp
{
µt+ σ2

2 t2
}

=⇒ KX(t) = µt+ σ2

2 t2 =⇒ κ1 = µ, κ2 = σ2, κi = 0, i ≥ 3.

LEMMA 3.5

For any X with KX(t) well-defined,

κ1 = E[X], κ2 = Var(X).

Proof:

dKX(t)
dt

∣∣∣∣
t=0

= d log(MX(t))
dt

∣∣∣∣
t=0

= M ′
X(t)

MX(t)

∣∣∣∣
t=0

= M ′
X(0)

= E[X]
= κ1.

dK ′
X(t)
dt

∣∣∣∣
t=0

= d
dt
M ′

X(t)
MX(t)

∣∣∣∣
t=0

= M ′′
X(t)MX(t) − (M ′

X(t))2

M2
X(t)

∣∣∣∣
t=0

= E[X2] − E[X]2

= Var(X)
= κ2.

THEOREM 3.1

Let #»

X ∼ MN( #»µ,Σ). For any symmetric matrix A and λ1, . . . , λn are eigenvalues of AΣ

K #»
X′A #»

X(t) = −1
2

n∑
i=1

log(1 − 2tλi) + 1
2

#»µ ′
∞∑

r=1
(2t)r(AΣ)rΣ−1 #»µ.

κr = 2r−1(r − 1)!
[
tr((AΣ)r) + r #»µ ′A(ΣA)r−1 #»µ

]
.

In particular,

κ1 = E[ #»

X ′A #»

X] = tr(AΣ) + #»µ ′A #»µ.

κ2 = Var( #»

X ′A #»

X)
= 2
[
tr
(
(AΣ)2)+ 2 #»µ ′AΣA #»µ

]
= 2 tr

(
(AΣ)2)+ 4 #»µ ′AΣA #»µ.

Proof:

16



Step 1: Since #»

X ∼ MN( #»µ,Σ), by Lemma 3.2,

M #»
X′A #»

X(t) = |I − 2tAΣ|−1/2 exp
{

−1
2

#»µ ′[I − (I − 2tAΣ)−1]Σ−1 #»µ

}
.

Therefore,

K #»
X′A #»

X(t) = log(M #»
X′A #»

X(t))

= log
(

|I − 2tAΣ|−1/2 exp
{

−1
2

#»µ ′[I − (I − 2tAΣ)−1]Σ−1 #»µ

})
= −1

2 log(|I − 2tAΣ|) − 1
2

#»µ ′[I − (I − 2tAΣ)−1]Σ−1 #»µ

= −1
2 log((1 − 2tλ1) · · · (1 − 2tλn)) − 1

2
#»µ ′
(

−
∞∑

r=1
(2t)r(AΣ)r

)
Σ−1 #»µ Lemma 3.3, 3.4

= −1
2

n∑
i=1

log(1 − 2tλi) + 1
2

#»µ ′
∞∑

r=1
(2t)r(AΣ)rΣ−1 #»µ.

Step 2: The Taylor expansion for log(1 − x) is

−x− x2

2 − x3

3 − · · · = −
∞∑

r=1

xr

r
.

Therefore, using the Taylor expansion of log(1 − 2tλi), we may rewrite the first term of K #»
X′A #»

X(t) as

−1
2

n∑
i=1

log(1 − 2tλi) = 1
2

n∑
i=1

∞∑
r=1

(2tλi)r

r

= 1
2

∞∑
r=1

(2t)r
∑n

i=1 λ
r
i

r

= 1
2

∞∑
r=1

(r − 1)!(2t)r tr((AΣ)r)
r! since

(r − 1)!
r! = 1

r
.

Step 3: Rewrite the second term of K #»
X′A #»

X(t) as

1
2

#»µ ′
∞∑

r=1
(2t)r(AΣ)rΣ−1 #»µ = 1

2

∞∑
r=1

(2t)r
(

#»µ ′(AΣ)rΣ−1 #»µ
)

= 1
2

∞∑
r=1

r!2rtr #»µ ′(AΣ)rΣ−1 #»µ

r! .

Step 4: Combining steps 1 to 3, we get

K #»
X′A #»

X(t) = 1
2

∞∑
r=1

(r − 1)!(2t)r tr((AΣ)r)
r! + r!2rtr #»µ ′(AΣ)rΣ−1 #»µ

r!

=
∞∑

r=1
2r−1(r − 1)! [tr((AΣ)r) + r #»µ ′(AΣ)rΣ−1 #»µ ]tr

r!

=
∞∑

r=1
2r−1(r − 1)!

[
tr((AΣ)r) + r #»µ ′(AΣ)rΣ−1 #»µ

]︸ ︷︷ ︸
κr

tr

r! ,

noting that (AΣ)rΣ−1 = (ΣA)r−1 to get the desired result.
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Lecture 4
19th January

4 Lecture 4: Quadratic Forms with Idempotency

LEMMA 4.1

Let A ∈ Rn×n be symmetric and B ∈ Rn×n be positive definite. If the eigenvalues of AB are 0’s or 1’s, then
AB is idempotent.

Proof: By Cholesky decomposition, there exists an invertible lower triangular matrix L such that

B = LL′.

If the eigenvalues of AB are 0’s or 1’s, then the equation |AB − λI| = 0 has roots 0 or 1.

|AB − λI| =
∣∣L′(AB − λI)(L′)−1∣∣

=
∣∣L′AB(L′)−1 − λI

∣∣
=
∣∣L′ALL′(L′)−1 − λI

∣∣
= |L′AL − λI|
= 0

has roots 0 or 1. Since L′AL is symmetric, and thus diagonalizable, it follows that

L′AL

is idempotent since

(L′AL)(L′AL) = Q′ diag(λ1, . . . , λn) QQ′︸︷︷︸
I

diag(λ1, . . . , λn)Q

= Q′ diag(λ2
1, . . . , λ

2
n)Q

= Q′ diag(λ1, . . . , λn)Q
= L′AL.

Therefore,

L′AL = L′ALL′AL
=⇒ AL = ALL′AL
=⇒ ALL′ = AB = ALL′ALL′ = ABAB
=⇒ AB is idempotent.

THEOREM 4.1

Let #»

X ∼ MN( #»µ,Σ) and A be a symmetric matrix with rank r. Then,
#»

X ′A #»

X ∼ χ2(r, λ), ∀ #»µ

with λ = 1
2

#»µ ′A #»µ if and only if AΣ is idempotent.

Proof:
( ⇐= ) Assume that AΣ is idempotent, then all eigenvalues of AΣ are 1 or 0 (which we denote as λi).
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Since Σ has full rank,
rank(AΣ) = rank(A) = r.

Therefore, r eigenvalues are 1 and n− r are 0. By Theorem 3.1, we have

M #»
X′A #»

X(t) =
n∏

i=1
(1 − 2tλi)−1/2 exp

1
2

#»µ ′
∞∑

j=1
(2t)j(AΣ)jΣ−1 #»µ


= (1 − 2t)−r/2 exp

1
2

#»µ ′
∞∑

j=1
(2t)jAΣΣ−1 #»µ


= (1 − 2t)−r/2 exp

1
2

#»µ ′A #»µ

∞∑
j=1

(2t)j


= (1 − 2t)−r/2 exp

{
#»µ ′A #»µ

2
2t

1 − 2t

}
= (1 − 2t)−r/2 exp

{
λ

2t
1 − 2t

}
.

Let η ∼ χ2(r, λ). By definition,
η = X2

1 + · · · +X2
r ,

where Xi ∼ N (µi, 1) and X1, . . . , Xr are independent.

Mη(t) = E[etη]

= E[et(X2
1 +···+X2

r )]

=
r∏

i=1
E[etX2

i ].

Now,

E[etX2
i ] =

∫ ∞

−∞
(2π)−1/2 exp{tx2} exp

{
− (x− µi)2

2

}
dx

=
∫ ∞

−∞
(2π)−1/2 exp

{
−1

2(x2 − 2tx2 − 2µix+ µ2
i )
}

dx

= (1 − 2t)−1/2 exp
{

−1 − 2t
2

(
µ2

i

1 − 2t −
(

µi

1 − 2t

)2)}
∫ ∞

−∞

1√
2π(1 − 2t)−1/2

exp

−
(x− µ2

i

1−2t )2

2(1 − 2t)−1

︸ ︷︷ ︸
N
(

µ2
i

1−2t ,(1−2t)−1
)

dx

= (1 − 2t)−1/2 exp
{
µ2

i

t

1 − 2t

}
= (1 − 2t)−1/2 exp

{
µ2

i

2
2t

1 − 2t

}
.
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Hence,

Mη(t) =
r∏

i=1
(1 − 2t)−1/2 exp

{
µ2

i

2
2t

1 − 2t

}

= (1 − 2t)−r/2 exp
{

1
2

n∑
i=1

µ2
i︸ ︷︷ ︸

λ

2t
1 − 2t

}

= (1 − 2t)−r/2 exp
{

λ2t
1 − 2t

}
,

which is the mgf of χ2(r, λ). By uniqueness of moment generating functions,
#»

X ′A #»

X ∼ χ2(r, λ).

( =⇒ ) Assume #»

X ′A #»

X ∼ χ2(r, λ) for all #»µ . Choose #»µ = #»0 , then λ = 0.

M #»
X′A #»

X(t) =
n∏

i=1
(1 − 2tλi)−1/2

= (1 − 2t)−r/2.

Therefore,

=⇒
n∏

i=1
(1 − 2tλi) = (1 − 2t)r cancel exponents

=⇒
n∑

i=1
log(1 − 2tλi) = r log(1 − 2t) take logarithm

=⇒
n∑

i=1

[ ∞∑
ℓ=1

(2tλi)ℓ

ℓ

]
= r

∞∑
ℓ=1

(2t)ℓ

ℓ
Taylor expansion

=⇒
∞∑

ℓ=1

(
∑n

i=1 λ
ℓ
i − r)(2t)ℓ

ℓ
= 0 re-order summation

Therefore,
n∑

i=1
λℓ

i = r, ∀ℓ ≥ 1.

Case 1: If |λi| ≥ 1 for some i, then choose ℓ = 2k and let 2k → ∞, then

λ2k
1 + · · · + λ2k

i + · · · + λ2k
n = r,

but the left-hand side is ∞ ≠ r, contradiction. Thus, |λi| ≤ 1 for all i.
Case 2: If |λi| < 1 for some i, then choose ℓ = 2k and let k → ∞, |λi|2k → 0. Hence, the total terms with
|λi| < 1 will be n− r. The equality

λ1 + · · · + λn = r

implies that all the terms with |λi| = 1 are actually λi. Why? Let d be the number of i such that |λi| < 1,
there will be n− d of |λi| = 1 (fill in details).
Hence, the eigenvalues of AΣ are 1 or 0. Since Σ is positive definite, it follows from Lemma 4.1 that AΣ
is idempotent.
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EXAMPLE 4.1

Let X1, . . . , Xn
iid∼ N (µ, σ2). Then,

(n− 1)S2

σ2 ∼ χ2(n− 1).

Solution: Let

#»

X =

X1
...
Xn

 .

Then,
#»

X ∼ MN(µ #»
j , σ2I).

(n− 1)S2

σ2 = 1
σ2

n∑
i=1

(Xi −X)2

= 1
σ2

#»

X ′(I − 1
n J) #»

X

= #»

Y ′A #»

Y ,

where #»

Y = 1
σ

#»

X and A = I − 1
n J, so

#»

Y ∼ MN
(µ
σ

#»
j , I
)
.

AΣ = (I − 1
n J)I = I − 1

n J = A.

Also,
A2 = I − 2

n J + 1
n2 JJ = I − 1

n J = A.

Therefore, AΣ is idempotent. By Theorem 5.1,

#»

Y ′A #»

Y = (n− 1)S2

σ2 ∼ χ2(r, λ),

with
r = rank(A) = rank(I − 1

n J) = n− 1

and

λ = 1
2

#»µ ′A #»µ

= 1
2
µ

σ

#»
j ′(I − 1

n J)µ
σ

#»
j

= µ2

2σ2 ( #»
j ′ #»
j − 1

n

#»
j ′J #»

j )

= µ2

2σ2 (n− 1
nn

2)

= 0.

Therefore, #»

Y ′A #»

Y ∼ χ2(r, 0) = χ2(r).

Lecture 5
23rd January
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5 Lecture 5: Criteria for Independence

LEMMA 5.1

Let A be a symmetric positive semidefinite n× n matrix with rank r. Then, there exists an n× r matrix D
with rank r such that

A = DD′

Proof: If A is symmetric, then by the spectral theorem

A = Q′ diag(λ1, . . . , λn)Q,

where Q is orthogonal where r of λi are non-zero since rank(A) = r. Without loss of generality, we can
assume that λ1, . . . , λr > 0, λj = 0 for j > r. Define

D = Q′
[
Λ1/2

O

]
n×r

,

where
Λ1/2 = diag(

√
λ1, . . . ,

√
λr).

Hence,

DD′ = Q′
[
Λ1/2

O

] [
Λ1/2 O

]
Q = Q′

[
Λ O
O O

]
Q = A.

THEOREM 5.1

Let #»

X ∼ MN( #»µ,Σ), A ∈ Rn×n be symmetric and B ∈ Rk×n. #»

X ′A #»

X and B #»

X are independent if and only
if BΣA = O.

Proof: We assume that A is positive semidefinite.
Step 1: Let r = rank(A), A = DD′ from Lemma 5.1. We know that D is n× r with rank(D) = r, and
since rank(DD′) = rank(D) = r, then D′D is invertible. We will show that

BΣA = O ⇐⇒ BΣD = O.

( =⇒ ) Note that

BΣA = BΣDD′ = O
=⇒ BΣDD′D = O

=⇒ BΣDD′D(D′D)−1 = BΣD = O.

On the other hand, if BΣD = O, then

BΣDD′ = BΣA = O.

Step 2 (Sufficiency): Assume that BΣA = O, then BΣD = O. By direct calculation,

Cov(B #»

X,
#»

X ′D) = B Cov( #»

X,
#»

X)D = BΣD = O.

Since B #»

X and #»

X ′D are multivariate normal, it follows that B #»

X and #»

X ′D are independent. Noting that
#»

X ′A #»

X = #»

X ′DD′ #»

X Lemma 5.1

= ( #»

X ′D)( #»

X ′D)′,
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which is a function of #»

X ′D. We know that if X and Y are independent, then for any measurable function
f(X) and g(Y ) are independent. Hence, B #»

X and #»

X ′A #»

X are independent.
Step 3 (Necessity): Assume that B #»

X and #»

X ′A #»

X are independent. By direct calculation,

Cov(B #»

X,
#»

X ′A #»

X) = B Cov( #»

X,
#»

X ′A #»

X)
= BE

[
( #»

X − #»µ)( #»

X ′A #»

X − E[ #»

X ′A #»

X])
]

= BE
[
( #»

X − #»µ)( #»

X ′A #»

X − #»µ ′A #»µ − tr(AΣ))
]

= BE
[
( #»

X − #»µ)( #»

X ′A #»

X − #»µ ′A #»µ)
]

+ BE
[
( #»

X − #»µ)
]︸ ︷︷ ︸

0

tr(AΣ)

= BE
[
( #»

X − #»µ)( #»

X ′A #»

X − #»µA #»µ)
]

= BE
[
( #»

X − #»µ)
[
( #»

X − #»µ)′A( #»

X − #»µ) + 2( #»

X − #»µ)′A #»µ
]]

= BE
[
( #»

X − #»µ)( #»

X − #»µ)′A( #»

X − #»µ)
]

+ 2BE
[
( #»

X − #»µ)′A #»µ
]

= BE
[
( #»

X − #»µ)( #»

X − #»µ)′A( #»

X − #»µ)
]

+ 2BΣA #»µ.

To show that the first term is zero, using the spectral theorem re-write A, define #»

Y = #»

X − #»µ , and use the
fact that the third moments of multivariate normal are 0 (exercise). Hence,

BΣA #»µ = O.

Since #»µ is arbitrary, it follows that
BΣA = O.

THEOREM 5.2

Let #»

X ∼ MN( #»µ,Σ), A,B ∈ Rn×n be symmetric matrices. #»

X ′A #»

X and #»

X ′B #»

X are independent if and only
if AΣB = O.

Proof: Let rank(A) = r, rank(B) = s. By the spectral theorem, there are orthogonal matrices Q1 and
Q2 such that

A = Q′
1 diag(λ1, . . . , λn)Q1,

B = Q′
2 diag(λ̃1, . . . , λ̃n)Q2.

Without loss of generality, we assume that

• λ1, . . . , λr ̸= 0, λj = 0 for j > r,

• λ̃1, . . . , λ̃s ̸= 0, λ̃i = 0 for i > s.

Set
Dr = diag(λ1, . . . , λr), D̃s = diag(λ̃1, . . . , λ̃s).

Hence, Q′
1 =

(
Q′

11 Q′
12
)
with Q′

11 being n× r and rank(Q′
11) = r. Then,

A =
(
Q′

11 Q′
12
)(Dr O

O O

)(
Q11
Q12

)
= Q′

11DrQ12.

Define Q′
2 =

(
Q̃′

11 Q̃′
12
)
to similarly get

B = Q̃′
11D̃sQ̃12.
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( ⇐= ) “Sufficiency:” Assume that AΣB = O, so

AΣB = Q′
11DrQ11ΣQ̃′

11D̃sQ̃11 = O
=⇒ Q11Q′

11Q′
11DrQ11ΣQ̃′

11D̃sQ̃11 = O
=⇒ DrQ11ΣQ̃′

11D̃s = O
=⇒ Q11ΣQ̃′

11 = O

Noting that
Cov(Q11

#»

X,
#»

X ′Q̃′
11) = Q11ΣQ̃′

11 = O.

Therefore, Q11
#»

X and #»

X ′Q̃′
11 are independent. Hence,

#»

X ′A #»

X = #»

X ′Q11DrQ′
11

#»

X

= (Q′
11

#»

X)′DrQ′
11

#»

X

is a function of Q′
11

#»

X, and similarly #»

X ′B #»

X is a function of #»

X ′Q′
11. Therefore,

#»

X ′A #»

X is independent of
#»

X ′B #»

X.
( =⇒ ) “Necessity:” Assume that #»

X ′A #»

X and #»

X ′B #»

X are independent. By Theorem 3.1, we have

Var( #»

X ′A #»

X) = 2 tr((AΣ)2) + 4 #»µ ′AΣA #»µ.

Var( #»

X ′B #»

X) = 2 tr((BΣ)2) + 4 #»µ ′BΣB #»µ.

Since (A + B) is symmetric,

Var( #»

X ′(A + B) #»

X) = Var( #»

X ′A #»

X + #»

X ′B #»

X)
= Var( #»

X ′A #»

X) + Var( #»

X ′B #»

X) by assumption.

Hence,

2 tr(((A + B)Σ)2) + 4 #»µ ′(A + B)Σ(A + B) #»µ = 2 tr((AΣ)2 + (BΣ)2) + 4 #»µ ′(AΣA + BΣB) #»µ.

Therefore,

2 tr((AΣBΣ) + tr(BΣAΣ)) + 4 #»µ ′(AΣB + BΣA) #»µ = 0.

By cyclic property of trace, we obtain

tr(AΣBΣ) = tr(ΣBΣA) = tr(BΣAΣ).

On the other hand,
#»µ ′AΣB #»µ + 4 #»µ ′AΣB #»µ = 0.

Choose #»µ = #»0 , we get
tr(AΣBΣ) = 0.

Thus, #»µ ′AΣB #»µ = 0 for all #»µ , which implies that

AΣB = O.

EXAMPLE 5.1

Let #»

X ′ = (X1, X2)′ ∼ MN( #»µ, I2). Show

(X1 −X2)2 is independent of (X1 +X2)2.
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Solution:

(X1 −X2)2 = X2
1 − 2X1X2 +X2

2 = X2
1 −X1X − 2 −X2X1 +X2

2 =
(
X1 X2

)( 1 −1
−1 1

)(
X1
X2

)
.

(X1 +X2)2 = X2
1 +X1X2 +X2X1 +X2

2 =
(
X1 X2

)(1 1
1 1

)(
X1
X2

)
.

Now,

AΣB =
(

1 −1
−1 1

)(
1 1
1 1

)
= O,

as required. Therefore, (X1 −X2)2 is independent of (X1 +X2)2 by Theorem 5.2.

EXAMPLE 5.2

Let #»

X ′ = (X1, X2)′ ∼ MN( #»µ,Σ). Define

B =
(

1 2
2 1

)
.

Find
A =

(
a b
b c

)
such that #»

X ′A #»

X is independent of #»

X ′B #»

X, where

Σ =
(

1 −1/2
−1/2 1

)
.

Solution:
#»

X ′B #»

X = X2
1 + 4X1X2 +X2

2 = (X1 +X2)2 + 2X1X2.

AΣB =
(
a b
b c

)(
1 −1/2

−1/2 1

)(
1 2
2 1

)
=
(
a b
b c

)(
0 1.5

1.5 0

)
=
(

1.5b 1.5a
1.5c 1.5b

)
= 1.5

(
b a
c b

)
= O

implies that a = b = c = 0, so A = O. Therefore, there is no quadratic form.

6 Lecture 6: Cochran’s Theorem
Lecture 6

26th January
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LEMMA 6.1

Let C = A + B. Assume that A, B are both n× n symmetric. If C2 = C, A2 = A, B positive semidefinite,

rank(A) + rank(B) = rank(C),

then
AB = O.

Proof: Let rank(A) = r, rank(B) = s, rank(C) = t = r + s. If C2 = C, then there exists an orthogonal
matrix Γ such that

Γ′CΓ =
(

It O
O O

)
.

Since C = A + B,

Γ′AΓ + Γ′BΓ =
(

It O
O O

)
.

A and B are positive semidefinite implies that Γ′AΓ and Γ′BΓ are positive semidefinite. If the element
on the diagonal is zero, then the corresponding row and columns are zeros. Hence,

Γ′AΓ =
(

Gt O
O O

)
, Γ′BΓ =

(
Ht O
O O

)
.

Since A2 = A, we have

Γ′AΓΓ′AΓ = Γ′AΓ =
(

Gt O
O O

)
=⇒ Γ′AΓ

(
It O
O O

)
= Γ′AΓ + Γ′AΓΓ′BΓ

=⇒
(

Gt O
O O

)(
It O
O O

)
=
(

Gt O
O O

)
+
(

Gt O
O O

)(
Ht O
O O

)
=
(

Gt O
O O

)
+
(

GrHr O
O O

)
=⇒

(
GrHr O

O O

)
= Γ′AΓΓ′BΓ

= Γ′ABΓ = O.

Therefore, AB = O since Γ is orthogonal and invertible.

THEOREM 6.1: Cochran

Let #»

X ∼ MN( #»0 , In), A1, . . . ,Am be symmetric n × n matrices with rank(Ai) = ri, and
∑m

i=1 Ai = In.
#»

X ′Ai
#»

X ∼ χ2(ri) are independent if and only if
∑m

i=1 ri = n.

Proof: ( ⇐= ) “Sufficiency” Assume
∑m

i=1 ri = n. For each i = 1, . . . ,m, set

Bi = I − Ai,
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with rank(Bi) = si. We claim that si = n− ri.

si = rank(I − Ai)

= rank

∑
j ̸=i

Aj


≤
∑
j ̸=i

rank(Aj)

= n− ri.

By definition, I = Ai + Bi =⇒ rank(I) = n. So,

rank(I) = n

= rank(Ai + Bi)
≤ rank(Ai) + rank(Bi).

Therefore, rank(Bi) ≥ n− ri =⇒ si = n− ri for all i. Hence,

|λI − Bi| = 0

have ri roots being 0. Noting that

|λI − Bi| = |(λ− 1)I − Ai|
= |λ̃I − Ai|

have ri roots being 1. Since rank(Ai) = ri, it follows that all other roots of Ai are 0. Hence,

Ai = AiΣ = AiI

is idempotent by Lemma 4.1. Write

I = A1 + (A2 + · · · + Am).

Since I2 = I, A2
1 = A1, A2 + · · · + Am is positive semidefinite, it follows from Lemma 6.1 that

A1(A2 + · · · + Am) = O.

This implies that
I2 = A1 + (A2 + · · · Am),

which implies that A2 + · · · + Am is idempotent. Applying Lemma 6.1 to

A2 + · · · + Am = A2 + (A3 + · · · + Am)

it follows that
A2(A3 + · · · + Am) = O.

By induction, we get
Am−1Am = O.

By re-labeling, we get
AiAj = 0 ∀i ̸= j.

Since
AiΣAj = AiAj = O,

it follows from Theorem 5.2 that
#»

X ′Ai
#»

X and #»

X ′Aj
#»

X

are independent. The fact that
#»

X ′Ai
#»

X ∼ χ2(ri)
follows from Theorem 4.1.
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Lecture 7
30th January

7 Lecture 7: Full Rank Regression
Model:

Y = β0 + β1x1 + · · · + βkxk + ε,

where xi are predictors, Y is the response, and ε is noise. If we have i = 1, . . . , n observations, then the model
becomes:

Yi = β0 + β1xi1 + · · · + βkxik + εi = X #»

β + #»ε ,

where

#»

Y =

Y1
...
Yn

 , X =


1 x11 · · · x1k

1 x21 · · · x2k

...
...

. . .
...

1 xn1 · · · xnk

 ,
#»

β =

β0
...
βk

 , #»ε =

ε1
...
εn


Assumptions:

(1) E[εi] = 0.

(2) Var(εi) = σ2.

(3) Cov(εi, εj) = 0 for i ̸= j.

Full rank assumption:

(1) k < n;

(2) rank(X) = k + 1.

Method 1: Least Squares Method

L =
n∑

i=1
ε2

i = #»ε ′ #»ε = ( #»

Y − X #»

β )′( #»

Y − X #»

β ).

If we minimize with respect to #»

β , we get

∂L

∂
#»

β
=


∂L
∂β0
...

∂L
∂βk

 = −2X #»

Y + 2X′X #»

β = 0 =⇒ #̂»

β = (X′X)−1X′ #»

Y .

THEOREM 7.1

#̂»

β is an unbiased estimator of #»

β .

Proof:

E[ #̂»

β ] = E
[
(X′X)−1X′ #»

Y
]

= (X′X)−1X′ E[ #»

Y ]

= (X′X)−1X′ E
[
X #»

β + #»ε
]

= (X′X)−1X′X #»

β + #»0
= #»

β .
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THEOREM 7.2

If Cov( #»

Y ,
#»

Y ) = σ2I, then Cov( #̂»

β ,
#̂»

β ) = σ2(X′X)−1.

Proof:

Cov( #̂»

β ,
#̂»

β ) = E
[( #̂»

β − E[ #̂»

β ]
)( #̂»

β − E[ #̂»

β ]
)′
]

= E
[(

(X′X)−1X #»

Y − (X′X)−1X′ E[ #»

Y ]
)(

(X′X)−1X #»

Y − (X′X)−1X′ E[ #»

Y ]
)′
]

= E
[
(X′X)−1X′( #»

Y − E[ #»

Y ]
)
( #»

Y − E[ #»

Y ])′X(X′X)−1
]

= (X′X)−1X′ E
[
( #»

Y − E[ #»

Y ])( #»

Y − E[ #»

Y ])′
]
X(X′X)−1

= σ2(X′X)−1X′X(X′X)−1.

= σ2(X′X)−1.

Estimation of σ2

• Residual:

( #»

Y − #̂»

Y ) = #̂»ε

= ( #»

Y − X #̂»

β )
= ( #»

Y − X(X′X)−1X′ #»

Y )
= (I − X(X′X)−1X′) #»

Y .

• Let H = X(X′X)−1X′ be the hat matrix.

• Since H is idempotent, we may write

SSE = #̂»ε
′

#̂»ε

= ∥ #»

Y − #̂»

Y ∥2

= ( #»

Y − #̂»

Y )′( #»

Y − #̂»

Y )
= #»

Y ′(I − H) #»

Y .

THEOREM 7.3

S2 = SSE
n− (k + 1)

is an unbiased estimator of σ2.
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Proof:

E[S2] = 1
n− (k + 1) E[ #»

Y ′(I − H) #»

Y ]

= 1
n− (k + 1)

[
tr((I − H)Σ) + #»µ ′(I − H) #»µ

]
= σ2

n− (k + 1) tr(I − H)

= σ2

n− (k + 1)
(
tr(I) − tr(H)

)
= σ2

n− (k + 1)
(
tr(I) − rank(H)

)
= σ2

n− (k + 1)
(
n− (k + 1)

)
= σ2.

Note that #»µ = X #»

β =⇒ #»µ ′ = #»

β ′X′, so

X′(I − H)X = X′X − X′HX
= X′X − X′X(X′X)−1X′X
= O.

Maximum Likelihood Estimators for
#»

β and σ2

THEOREM 7.4

If #»

Y ∼ MN(X #»

β , σ2In), where X is n× (k + 1) of rank k + 1 < n, then the maximum likelihood estimators
of #»

β and σ2 are
#̂»

β = (X′X)−1X′ #»

Y , σ̂2 = SSE
n

= ( #»

Y − X #̂»

β )′( #»

Y − X #̂»

β )
n

.

Proof: The likelihood function is given by the multivariate normal density

L( #»

β , σ2) = f( #»

Y ; #»

β , σ2)

= 1
(2π)n/2|σ2I|1/2 exp

{
− ( #»

Y − X #»

β )′(σ2I)−1( #»

Y − X #»

β )
2

}

= (2πσ2)−n/2 exp
{

− ( #»

Y − X #»

β )′( #»

Y − X #»

β )
2σ2

}
.

The log-likelihood function is

ℓ( #»

β , σ2) = ln
(
L( #»

β , σ2)
)

= −n

2 ln(2π) − n

2 ln(σ2) − 1
2σ2 ( #»

Y − X #»

β )′( #»

Y − X #»

β )

= −n

2 ln(2π) − n

2 ln(σ2) − 1
2σ2 ( #»

Y ′ #»

Y − 2 #»

Y ′X #»

β + #»

β ′X′X #»

β ).
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Taking the derivative with respect to #»

β yields

#»0 = ∂ℓ( #»

β , σ2)
∂

#»

β
= − 1

2σ2 (−2X′ #»

Y + 2X′X #»

β )

#»0 = 2X′ #»

Y − 2X′X #»

β

X′X #»

β = X′ #»

Y

#̂»

β = (X′X)−1X′ #»

Y .

Taking the derivative with respect to σ2 yields

0 = ∂ℓ( #»

β , σ2)
∂σ2 = − n

2σ2 + 1
2σ4 ( #»

Y − X #»

β )′( #»

Y − X #»

β )

n(2σ4)
2σ2 = ( #»

Y − X #»

β )′( #»

Y − X #»

β )

σ̂2 = ( #»

Y − X #̂»

β )′( #»

Y − X #̂»

β )
n

.

Properties of
#̂»

β and σ̂2

THEOREM 7.5

If #»

Y ∼ MN(X #»

β , σ2In), where X is n × (k + 1) of rank k + 1 < n, and #»

β = (β0, β1, . . . , βk)′, then the
maximum likelihood estimators of #̂»

β and σ̂2 given in Theorem 7.1 have the following distributional properties:

(1) #̂»

β ∼ MN( #»

β , σ2(X′X)−1).

(2)
nσ̂2

σ2 ∼ χ2(n− (k + 1)
)
.

(3) #̂»

β and σ̂2 are independent.

Proof:

(1) Note that #»

Y ∼ MN( #»µ,Σ) =⇒ A #»

Y ∼ MN(A #»µ,AΣA′). Let A = (X′X)−1X′, #»µ = X #»

β , and
Σ = σ2In. Now,

A #»

Y = #̂»

β ∼ MN
(

(X′X)−1X′X #»

β , (X′X)−1X′σ2InX(X′X)−1
)

∼ MN( #»

β , σ2(X′X)−1).

(2) Note that
nσ̂2

σ2 = SSE
σ2

=
#»

Y ′(I − H) #»

Y

σ2

= # »

W ′(I − H) # »

W,

where # »

W =
#»
Y
σ ∼ MN

(
X #»

β
σ , I

)
. It follows from Theorem 4.1 that

nσ̂2

σ2 ∼ χ2(r, λ),
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with r = rank(I − H) = tr(I − H) = n− (k + 1) and

λ = 1
2

#»µ ′A #»µ

= 1
2

(
X #»

β

σ

)′

(I − H)X #»

β

σ

= 1
2σ2

#»

β ′[X′(I − H)X
] #»

β

= 0,

where #»µ = E[ # »

W ] and A = I − H.

(3) Note that #̂»

β = (X′X)−1X′ #»

Y and

σ̂2 = SSE
n

= 1
n

#»

Y ′(I − H) #»

Y = #»

Y ′
(

I − H
n

)
#»

Y .

Let #»

Y = #»

X, B = (X′X)−1X, and A = I−H
n . Relabelling,

#̂»

β = B #»

X,

σ̂2 = #»

X ′A #»

X.

Now,

(X′X)−1X
(

I − H
n

)
= 1
n

[
(X′X)−1X′ − (X′X)−1X′

]
= 0.

The result follows from Theorem 5.1.

Lecture 8
31st January

8 Lecture 8: Test of Overall Regression

DEFINITION 8.1: Sum of Squares Total, Residual, Error

Y = 1
n

n∑
i=1

Yi,

SST =
n∑

i=1
(Yi − Y )2,

SSR =
n∑

i=1
(Ŷ − Y )2,

SSE =
n∑

i=1
(Yi − Ŷi)2.

SST is the sum of squares total, SSR is the sum of squares residual, and SSE is the sum of squares
error.
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THEOREM 8.1

(i) SST = #»

Y ′(I − 1
n J) #»

Y .

(ii) SSR = #»

Y ′(H − 1
n J) #»

Y .

(iii) SSE = #»

Y ′(I − H) #»

Y .

Hence, SST = SSR + SSE.

Proof:
(i) Sum of Squares Total:

SST =
n∑

i=1
(Yi − Y )2

= ( #»

Y − Y
#»
j )′( #»

Y − Y
#»
j )

= #»

Y ′ #»

Y − 2Y #»

Y ′ #»
j + Y

2 #»
j ′ #»
j

= #»

Y ′ #»

Y − 2nY 2 + nY
2

= #»

Y ′ #»

Y − nY
2

= #»

Y ′ #»

Y − 1
n

#»

Y ′ #»
j

#»
j ′ #»

Y

= #»

Y ′(I − 1
n J) #»

Y .

(ii) Sum of Squares Regression:

SSR =
n∑

i=1
(Ŷi − Y )2

= ( #̂»

Y − Y
#»
j )′( #̂»

Y − Y
#»
j )

= (H #»

Y − Y
#»
j )′(H #»

Y − Y
#»
j )

= #»

Y ′HH #»

Y − 2Y #»

Y ′H #»
j + Y

2 #»
j ′ #»
j

= #»

Y ′H2 #»

Y − 2
n

#»

Y ′H #»
j

#»
j ′ #»

Y + 1
n

#»

Y ′J #»

Y

= #»

Y ′H #»

Y − 2
n

#»

Y ′HJ #»

Y + 1
n

#»

Y ′J #»

Y

= #»

Y ′H #»

Y − 2
n

#»

Y ′J #»

Y + 1
n

#»

Y ′J #»

Y

= #»

Y ′H #»

Y − 1
n

#»

Y ′J #»

Y

= #»

Y ′(H − 1
n J) #»

Y

since H2 = H, HX = X, and H #»
j = #»

j =⇒ HJ = J.

(iii) Sum of Squares Error:

SSE =
n∑

i=1
(Yi − Ŷi)

= ( #»

Y − #̂»

Y )′( #»

Y − #̂»

Y )
= ( #»

Y − H #»

Y )′( #»

Y − H #»

Y )

=
(
(I − H) #»

Y
)′(I − H) #»

Y

= #»

Y ′(I − H)2 #»

Y

= #»

Y ′(I − H) #»

Y

33



since (I − H)2 = I − H.

Therefore,
I − H + H − 1

n J = I − 1
n J =⇒ SST = SSR + SSE.

THEOREM 8.2

(1) SSR/σ2 ∼ χ2(k, λ) with

λ = 1
2σ2 (X #»

β )′(H − 1
n J)X #»

β

= 1
2σ2 (X1

#»

β 1)′(H − 1
n J)X1

#»

β 1,

where

#»

β 1 =

β1
...
βk

 , X1 =

X11 · · · X1k

...
. . .

...
Xn1 · · · Xnk

 .

(2) SSR and SSE are independent.

Proof:

(1) First result:
SSR
σ2 =

#»

Y ′

σ
(H − 1

n J)
#»

Y

σ

with
#»

Y

σ
∼ MN

(
X #»

β

σ
, I
)
.

Since

(H − 1
n J)2 = H2 − 2 1

n HJ + 1
n2 J2

= H − 2 1
n J + 1

n J
= H − 1

nJ

it follows from Theorem 4.1 that SSR/σ2 ∼ χ2(r, λ) with

r = rank(H − 1
n J) = tr(H − 1

n J) = k + 1 − 1 = k

and

λ = 1
n

(
X #»

β

σ

)′

(H − 1
n J)X #»

β

σ
.

Write
#»

β =
(
β0
#»

β 1

)
, X =

( #»
j X1

)
.

Then, X #»

β = β0
#»
j + X1

#»

β 1 implies

λ = 1
2

(
β0

#»
j + X1

#»

β 1

σ

)′

(H − 1
n J)β0

#»
j + X1

#»

β 1

σ

= 1
2σ2

[
(X1

#»

β 1)(H − 1
n J)(X1

#»

β 1) + β2
0

#»
j ′(H − 1

n J) #»
j + 2β0(H − 1

n J) #»
j
]

= 1
2σ2 (X1

#»

β 1)′(H − 1
n J)X1

#»

β 1

34



since
(H − 1

n J) #»
j = H #»

j − 1
n J #»

j = #»
j − 1

nn
#»
j = 0.

(2) Note that

SSR = #»

Y ′(H − 1
n J) #»

Y = #»

Y ′A #»

Y .

SSE = #»

Y ′(I − H) #»

Y = #»

Y ′B #»

Y .

Note that #»

Y ∼ MN(X #»

β , σ2I). Note that H − 1
n J and I − H are symmetric matrices of the same

dimension.

Aσ2IB = σ2AB
= σ2(H − 1

n J)(I − H)
= σ2(H − 1

n J − H2 + 1
n JH)

= σ2(H − 1
n J − H + 1

n J)
= σ2O
= O.

Therefore, SSR and SSE are independent by Theorem 5.2.

REMARK

By Theorem 7.4, we have SSE/σ2 ∼ χ2(n− (k + 1)), and SST/σ2 ∼ χ2(n− 1, λ).

REMARK

E[SSR] = σ2 E
[
SSR
σ2

]
= σ2

k∑
i=1

E[X2
i ] where Xi ∼ N (µi, 1)

= σ2
( n∑

i=1

(
Var(Xi) + µ2

i

))
= σ2(k + 2λ)
= kσ2 + 2σ2λ

= kσ2 + (X1
#»

β 1)′(H − 1
n J)X1

#»

β 1.

ANOVA Table for Hypothesis Test of H0:
#»

β 1 = #»0 versus HA:
#»

β 1 ̸= #»0

Source of Variation Degrees of Freedom Sum of Squares Mean Square Expected Mean Square

Due to #»

β 1 k SSR MSR σ2 + 1
k (X1

#»

β 1)′(H − 1
n J) #»

X1
#»

β 1
Error n− (k + 1) SSE MSE σ2

Total n− 1 SST
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Note that under H0, 1
k (X1

#»

β 1)′(H − 1
n J) #»

X1
#»

β 1 = 0.

E[MSR] = E
[
SSR
k

]
= 1
k

[
σ2k + (X1

#»

β 1)(H − 1
n J) #»

X1
#»

β 1
]

= σ2 + 1
k

(X1
#»

β 1)′(H − 1
n J) #»

X1
#»

β 1.

E[MSE] = E
[

SSE
n− (k + 1)

]
= (n− (k + 1))σ2

n− (k + 1)
= σ2.

Test Statistic:
F = SSR/k

SSE/(n− (k + 1)) ∼ F (k, n− (k + 1)).

Reject H0 if F > Fα(k, n− (k + 1)). If H0 holds, then λ = 0 implies SSR ∼ χ2(k) and SSE ∼ χ2(n− (k + 1)).
Furthermore, note that if X and Y are independent, then f(X) and g(Y ) are independent, so

E[F ] = E
[

SSR/k
SSE/(n− (k + 1))

]
= n− (k + 1)

k
E[SSR]E

[
1

SSE

]
.

E
[
SSR
k

]
= σ2 ⇐⇒ E[SSR] = kσ2.

Hold tight for the hard part (you can skip this part if you know the mean of the inverse-chi-squared distribution),

E
[
σ2

SSE

]
=
∫ ∞

0

1
y

1
2(n−k−1)/2Γ

(
n−k−1

2
)y(n−k−1)/2−1e−y/2 dy

= 2−(n−k−1)/2 Γ
(

n−k−1
2 − 1

)
Γ
(

n−k−1
2

) ×

2(n−k−1)/2−1 1
Γ
(

n−k−1
2 − 1

)
2(n−k−1)/2−1

∫ ∞

0
y((n−k−1)/2−1)−1e−y/2 dy︸ ︷︷ ︸

=1 by Gamma distribution

= 1
2

1
(n− k − 1)/2 − 1

= 1
n− k − 3 .

Hence,

E
[

1
SSE

]
= 1
σ2(n− k − 3) .

Therefore,

E[F ] = n− k − 1
k

E[SSR]E
[

1
SSE

]
= n− k − 1

k
kσ2 1

σ2(n− k − 3) = n− k − 1
n− k − 3 .

Lecture 9
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9 Lecture 9: Lack of Fit
Consider the case of studying blood pressure and its relationship to height and weight. Clearly, people of the
same height and weight can have different blood pressures. In other words, the same predictor values may
correspond to different response values. This type of variation is called pure error. To detect poor model fit, we
would need to distinguish between variation caused by the model and pure error.

General Framework
Let m ≥ 1 and n1, . . . , nm ≥ 1 such that

∑m
i=1 ni = n. For i = 1, . . . , n, we have

Yir = β0 + β1x1i + · · · + βkxik + εir, r = 1, . . . , ni.

In matrix notation, we write Y = X #»

β , where #»

β =

β0
...
βk

 in the usual way, and

#»

Y ′ =
(
Y11 · · · Y1n1 · · · Ym1 · · · Ymnm

)
,

X =



n1


1 x11 · · · x1k

...
. . . . . .

...
1 x11 · · · x1k


...

nm


1 xm1 · · · xmk

...
. . . . . .

...
1 xm1 · · · xmk




,

#»ε ′ =
(
ε11 · · · ε1n1 · · · εm1 · · · εmnm

)
.

We write Yij for i = 1, . . . ,m (m groups) and j = 1, . . . , ni (number of observations in group i). The sample
average of group i is defined by

Y i = 1
ni

ni∑
j=1

Yij , i = 1, . . .m.

The fitted values are #̂»

Y = X #̂»

β , so Ŷij is the same for all j = 1, . . . , ni, hence we may write Ŷij as Ŷi.

SSE =
m∑

i=1

ni∑
j=1

(Yij − Ŷij)2

=
m∑

i=1

ni∑
j=1

(Yij − Y i + Y i − Ŷij)2

=
m∑

i=1

ni∑
j=1

(Yij − Y i)2 +
m∑

i=1

ni∑
j=1

(Ŷij − Y i)2 − 2
m∑

i=1

ni∑
j=1

(Yij − Y i)(Y i − Ŷij)

=
m∑

i=1

ni∑
j=1

(Yij − Y i)2 +
m∑

i=1

ni∑
j=1

(Ŷij − Y i)2

=
m∑

i=1

ni∑
j=1

(Yij − Y i)2 +
m∑

i=1
ni(Ŷi − Y i)2

= SSPE + SSLF

since Ŷij is independent of j. Therefore,

SST = SSR + SSE = SSR + SSPE + SSLF.
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• Degrees of freedom of SSLF: m− (k + 1).

• Degrees of freedom of SSPE: (n1 − 1) + · · · + (nm − 1) = n−m.

The first test is a test of linear relationship, but if we wanted to determine how good that relationship is, we will
need the following hypothesis test. If the linear model fits well, then SSLF should be small.

• H0: The model is adequate.

• HA: The model is not adequate.

Test statistic:
F = SSLF/(m− k − 1)

SSPE/(n−m) ∼ F (m− k − 1, n−m).

If we reject H0, that means there’s too much variation within the group. Reject H0 when F > Fα(m−k−1, n−m).

Source of Variation Degrees of Freedom Sum of Squares Mean Square F

Due to #»

β 1 k SSR MSR MSR/MSE
Error n− (k + 1) SSE MSE

Lack of Fit m− k − 1 SSLF MSLF MSLF/MSPE
Pure Error n−m SSPE MSPE

Total n− 1 SST

Selection of Predictors
We observe that the number of predictors always improves the estimates, but becomes less efficient. To find a
reasonable number of predictors, one needs to compare models by adding or dropping predictors.

• Partition #»

β as #»

β =

β0
...
βk

 =
( #»

β I
#»

β II

)
, where #»

β I =

β0
...
βℓ

 and #»

β II =

βℓ+1
...
βk

 for 1 ≤ ℓ < k.

• Partition X as X =
(
XI XII

)
, where XI ∈ Rn×(ℓ+1) and XII ∈ Rn×(k−ℓ) for 1 ≤ ℓ < k.

The full model is
#»

Y = X #»

β + #»ε =
(
XI XII

)( #»

β I
#»

β II

)
= XI

#»

β I + XII
#»

β II .

The reduced model is
#»

Y = XI
#»

β I + #»ε ∗.

Let

• H = X(X′X)−1X′.

• H1 = XI(X′
IXI)−1X′

I .

Define

• SS( #»

β ) = SSR(full) = #»

Y ′(H − 1
n J) #»

Y .

• SS( #»

β I) = SSR(reduced) = #»

Y ′(HI − 1
n J) #»

Y .

• SS( #»

β II | #»

β I) = SS( #»

β ) − SS( #»

β I) = #»

Y ′(H − HI) #»

Y .

Comparing the full model and the reduced model, we test H0:
#»

β II = #»0 versus HA:
#»

β II ̸= #»0 . Under H0,
xℓ+1, . . . , xk do not add predictive value to the model that includes x1, . . . , xℓ already.
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THEOREM 9.1

H − H1 is idempotent.

Proof: Assignment 2.

Model misspecification:

• Leaving out #»

β II when it should be included, results in underfitting.

• Including #»

β II when it should be dropped, results in overfitting.

Lecture 10
9th February

10 Lecture 10: Determination of Predictors and Generalized Inverse
THEOREM 10.1

Let #»

Y ∼ MN(X #»

β , σ2I), H = X(X′X)−1X′, H1 = XI(X′
IXI)−1X′

I . Then,

(1) #»

Y ′(I − H) #»

Y /σ2 = SSE/σ2 ∼ χ2(n− k − 1).

(2) #»

Y ′(H − H1) #»

Y /σ2 = SS( #»
β II | #»

β I )
σ2 ∼ χ2(k − ℓ, λ̃), where

λ̃ = #»

β ′
IIX′

II(I − H1)XII
#»

β II/2σ2.

(3) #»

Y ′(I − H) #»

Y and #»

Y ′(H − H1) #»

Y are independent.

Proof:

(1) Earlier proof.

(2)

#»

Y ′(H − H1) #»

Y /σ2 = SS(full | reduced)
σ2

= SS( #»

β II | #»

β I)
σ2 .

By Theorem 9.1, H − H1 is idempotent, so
#»

Y ′(H − H1) #»

Y ∼ χ2(r, λ̃)

r = rank(H − H1), and
λ̃ = 1

2σ2 (X #»

β )′(H − H1)X #»

β .

By direct calculation, we have

r = rank(H − H1)
= tr(H − H1) since H − H1 is idempotent
= tr(H) − tr(H1)
= tr(X(X′X)−1X′) − tr(XI(X′

IXI)−1X′
I)

= tr(Ik+1) − tr(Iℓ+1) cyclic property
= k − ℓ.
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Noting that HX = X, H1XI = XI , and

X #»

β = XI
#»

β I + XII
#»

β II

it follows that

2σ2λ̃ = (X #»

β )′(H − H1)X #»

β

= (X #»

β )′HX #»

β − (X #»

β )′H1X #»

β

= (X #»

β )′(X #»

β ) − (X #»

β )′(H1XI
#»

β I + H1XII
#»

β II)
= (X #»

β )′[X #»

β − H1XI
#»

β I − H1XII
#»

β II

]
= (X #»

β )′[XI
#»

β I + XII
#»

β II − XI
#»

β I − H1XII
#»

β II

]
= (X #»

β )′(XII
#»

β II − H1XII
#»

β II)
= (X #»

β )′(I − H1)XII
#»

β II

= (XI
#»

β I + XII
#»

β II)′(I − H1)XII
#»

β II

= (XII
#»

β II)′(I − H1) #»

XII
#»

β II + (XI
#»

β I)(I − H1)XII
#»

β II .

It remains to show that (XI
#»

β I)(I − H1)XII
#»

β II = O.

(XI
#»

β I)′(I − H1)XII
#»

β II = (XI
#»

β I)′XII
#»

β II − (XI
#»

β I)′H1︸ ︷︷ ︸
see below

XII
#»

β II

= (XI
#»

β I)′XII
#»

β II − (XI
#»

β I)′XII
#»

β II

= O

since
{[

(XI
#»

β I)′H1
]′}′

= {H1XI
#»

β I}′ = (XI
#»

β I)′.

(3) A2Q5.

ANOVA for Model Selection
H0:

#»

β II = #»0 versus HA:
#»

β II ̸= #»0 .

Source df SS MS Statistics

Due to #»

β k SSR(full) SSR(full)/k
Due to #»

β I ℓ SSR(reduced) SSR(reduced)/ℓ F

Due to #»

β II | #»

β I k − ℓ SSR(full | reduced) SSR(full | reduced)/(k − ℓ)
Error n− (k + 1) SSE MSE
Total n− 1 SST

where
F = SSR(full | reduced)/(k − ℓ)

SSE/(n− k − 1)
If we reject H0, then the full model is better than the reduced model. Reject H0 when F > Fα(k − ℓ, n− k − 1).

40



Regression for Models without Full Rank

DEFINITION 10.1: Generalized Inverse

Let A ∈ Rn×k. The generalized inverse (g-inverse) of A is any G ∈ Rk×n satisfying

AGA = A.

We say G is a g-inverse of A.

EXAMPLE 10.1

Let A =


1
2
3
4

. Find a g-inverse of A.

Solution: 
1
2
3
4

(a b c d
)

1
2
3
4

 =


1
2
3
4

 .

If we pick a = 1, b = c = d = 0, then G =
(
1 0 0 0

)
is a g-inverse of A. Also, G̃ =

(
1/2 1/4 0 0

)
is another g-inverse of A. Hence, we can see that g-inverses are not unique.

REMARK — Basic Facts

(1) If A is invertible, then the g-inverse of A is unique and given by A−1.

• Proof: Let G be any g-inverse of A, then AGA = A.

A−1AGAA−1 = A−1AA−1 =⇒ G = A−1.

Clearly, AA−1A = A.

(2) If G is a g-inverse of A, then for any C ∈ Rk×n, G1 = G + C − GACAG is also a g-inverse of A.

• Proof: Note that

AG1A = AGA + ACA − AGACAGA
= AGA + ACA − ACA
= AGA
= A.

LEMMA 10.1

Every matrix A has at least one g-inverse.

Proof: Let A ∈ Rn×k with rank(A) = r < min{n, k}. Then,

A =
(

A11 A12
A21 A22

)
,

where A11 ∈ Rr×r with rank(A11) = r.
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Claim:

G =
(

A−1
11 O

O O

)
k×n

is a g-inverse of A.

AGA =
(

A11 A12
A21 A22

)(
A−1

11 O
O O

)(
A11 A12
A21 A22

)
=
(

Ir O
A21A11 O

)(
A11 A12
A21 A22

)
=
(

A11 A12
A21 A21A−1

11 A12

)
.

Since rank(A) = r = rank(A11), it follows that A21 and A22 are linear combinations of A11 and A12.
Thus, one can find a B ∈ R(n−r)×r such that(

A21 A22
)

= B
(
A11 A12

)
.

Hence,
A21A−1

11 A12 = BA11A−1
11 A12 = BA12 = A22.

Therefore, AGA = A.

Lecture 11
13th February

11 Lecture 11: g-inverse

Algorithm for Finding a g-inverse
Let A ∈ Rn×k with rank(A) = r < min{n, k}.

• Step 1: Find an invertible sub-matrix M ∈ Rr×r.

• Step 2: Compute (M−1)′.

• Step 3: Replace M with (M−1)′ in A.

• Step 4: Set all other elements in A to be 0.

• Step 5: Transpose the resulting matrix to G ∈ Rk×n.

EXAMPLE 11.1

Compute a g-inverse of A =

4 1 2 0
1 1 5 15
3 1 3 5

.

Solution: Note that n = 3 and k = 4. Let

#»v 1 =
(
4 1 2 0

)
,

#»v 2 =
(
1 1 5 15

)
,

#»v 3 =
(
3 1 3 5

)
.

#»v 1 and #»v 2 are linearly independent since

a #»v 1 + b #»v 2 = #»0 =⇒ 15b = 0 and 4a = 0 =⇒ a = b = 0.
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Also, 3 #»v 3 = 2 #»v 1 + #»v 2. Therefore, rank(A) = 2. Now,

• Step 1:

M =
(

4 0
3 5

)
.

• Step 2:

(M−1)′ = 1
20

(
5 −3
0 4

)
=
(

5/20 −3/20
0 4/20

)
.

• Step 3: 5/20 1 2 −3/20
1 1 5 15
0 1 3 4/20

 .

• Step 4: 5/20 0 0 −3/20
0 0 0 0
0 0 0 4/20

 .

• Step 5: 
5/20 0 0

0 0 0
0 0 0

−3/20 0 4/20

 .

Verify that AGA = A.

THEOREM 11.1

Let A ∈ Rn×k with rank(A) = r < min{n, k} and G be a g-inverse of A. Let F be a g-inverse of A′A.
Then,

(1) G′ is a g-inverse of A′.

(2) rank(GA) = rank(AG) = rank(A) = r.

(3) A = AFA′A and A′ = A′AFA′. This means that FA′ is a g-inverse of A.

Proof:

(1) Since AGA = A, we have that (AGA)′ = A′G′A′ = A′. Therefore, G′ is a g-inverse of A′.

(2) Since AGA = A, rank(A) ≤ rank(GA) ≤ rank(A). Similarly, rank(A) ≤ rank(AG) ≤ rank(A).
Therefore,

rank(AG) = rank(GA) = rank(A).

(3) Since F is a g-inverse of A′A, we have A′AFA′A = A′A. Rearranging,

A′AFA′A − A′A = O
(A′AFA′ − A′)A = O
A′(AFA′A − A) = O.
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Note that (AFA′A)′ = A′AF′A and

A′AF′A′(AFA′A − A) = A′AF′ A′AFA′A︸ ︷︷ ︸
A′A

−A′AF′A′A

= A′AF′A′A − A′AF′A′A
= O.

Therefore,
(AFA′A − A)′(AFA′A − A) = O.

Hence,
AFA′A − A = O =⇒ AFA′A = A.

Similarly, A′AFA′A = A′A, which implies

(A′AFA′ − A′)A = O.

By direct calculation,

(A′AFA′ − A′)AF′A′A = A′AF′A′A − A′AF′A′A = O.

Therefore,
(A′AFA′ − A′)(A′AFA′ − A′)′ = O.

Hence,
A′AFA′ = A′.

AF is a g-inverse of A′ and FA′ is a g-inverse of A.

THEOREM 11.2

Let F be a g-inverse of A′A.

(1) F′ is a g-inverse of A′A.

(2) rank(AFA′) = rank(A).

(3) Let F̃ be any g-inverse of A′A, then A′FA = A′F̃A.

(4) AFA′ is symmetric.

Proof:

(1) Using Theorem 11.1, A′AFA′A = A′A, so

A′A = (A′A)′ = A′AF′A′A.

(2) By Theorem 11.1, we have A = AFA′A. It follows that

rank(A) ≤ rank(AFA′) ≤ rank(A).

Therefore, rank(AFA′) = rank(A).

(3) Let F̃ be any g-inverse of A′A. Then, A = AFA′A = AF̃A′A by Theorem 11.1, so

(AFA′ − AF̃A′)A = O.
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Therefore,

(AFA′ − AF̃A′)(AFA′ − AF̃A′)′ = (AFA′ − AF̃A′)(AF′A′ − AF̃′A′)′

= (AFA′ − AF̃A′)A(F′A′ − F̃′A′)
= (AFA′A︸ ︷︷ ︸

A

− AF̃A′A︸ ︷︷ ︸
A

)(F′A′ − F̃′A′)

= O.

Hence, AFA′ = AF̃A′.

(4) By (1), F′ is a g-inverse of A′A. Hence, AFA′ = AF′A′ = (AFA′)′. Therefore, AFA′ is symmetric.

THEOREM 11.3

Let A ∈ Rn×k. Consider the system of equations

A #»x = #»y .

(1) If #»x 0 is a solution of the system of equations, then GA #»x 0 is also a solution of the system of equations
for any g-inverse G of A.

(2) Let G be a g-inverse of A, then for any #»z ∈ Rk,

G #»y + (GA − I) #»z

is a solution of the system of equations.

(3) Every solution can be written in the form of (2).

Proof:

(1) #»x 0 is a solution implies that A #»x 0 = #»y . However,

A(GA #»x 0) = (AGA) #»x 0 = A #»x 0 = #»y .

(2) Note that
{G #»y + (GA − I) #»z | #»z ∈ Rk}.

So,

A(G #»y + (GA − I) #»z ) = AG #»y + (AGA #»z − A #»z )
= AG #»y

= AG(A #»x )
= AGA #»x

= A #»x

= #»y .

(3) Let #»x 0 be any solution, so A #»x 0 = #»y . Choose #»z = (GA − I) #»x 0.

G #»y + (GA − I) #»z = G #»y + (GAGA − 2GA + I) #»x 0

= G #»y + (−GA + I) #»x 0

= G #»y − GA #»x 0 + #»x 0

= GA #»x 0 − GA #»x 0 + #»x 0

= #»x 0.
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Lecture 12
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12 Lecture 12: Regression Without Full Rank

DEFINITION 12.1: Estimable

Let A ∈ Rn×k with rank(A) = r < min{n, k}, #»x ∈ Rk. Given a #»

b ∈ Rk×1, the quantity #»

b ′ #»x is called
estimable if its value is the same for every solution of A #»x = #»y .

THEOREM 12.1

Let A ∈ Rn×k, #»

b ∈ Rk, and G be a g-inverse of A.
#»

b ′ #»x is estimable ⇐⇒ #»

b ′GA = #»

b ′.

Proof: Let #»x 1 and #»x 2 be any two solutions of A #»x = #»y . By Theorem 11.3, there exists #»z 1,
#»z 2 ∈ Rk such

that

#»x 1 = G #»y + (GA − I) #»z 1
#»x 2 = G #»y + (GA − I) #»z 2.

( ⇐= ) Sufficiency: Assume that #»

b ′GA = #»

b ′.

=⇒ #»

b ′GA − #»

b ′ = #»0 ′

=⇒ #»

b ′(GA − I) = #»0 ′

=⇒ #»

b ′(GA − I) #»z = 0

Now,
#»

b ′ #»x 1 − #»

b ′ #»x 2 = #»

b ′( #»x 1 − #»x 2)
= #»

b ′[(GA − I)( #»z 1 − #»z 2)
]

= #»

b ′(GA − I)( #»z 1 − #»z 2)
= 0.

Hence, #»

b ′ #»x 1 = #»

b ′ #»x 2 =⇒ #»

b ′ #»x is estimable.
( =⇒ ) Necessity: Assume that #»

b ′ #»x is estimable. Let #»x 0 be a solution of A #»x = #»y . Choose #»z 0 such that

#»x 0 = G #»y + (GA − I) #»z 0.

Let z ∈ Rk. By definition,
#»x = G #»y + (GA − I)( #»z 0 − #»z ).

Hence, #»x is a solution of A #»x = #»y , and so
#»

b ′ #»x = #»

b ′[G #»y + (GA − I) #»z 0 + (GA − I) #»z
]

= #»

b ′ #»x 0 + #»

b 1(GA − I) #»z .

So, #»

b ′(GA − I) #»z = 0 for all #»z , therefore #»

b ′(GA − I) = #»0 ′ =⇒ #»

b ′GA = #»

b ′.
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Non-Full Rank Regression

In regression, #»

Y = X #»

β + #»ε and our normal equation is X′X #»

β = X′ #»

Y . We consider the case where X′X is not
invertible. Let F be a g-inverse of X′X, so

#»

β 0 = FX′ #»

Y .

Claim: #»

β 0 is a solution of
X′X #»

β = X′ #»

Y .

By Theorem 11.1,
X′X #»

β 0 = X′XFX′ #»

Y = X′ #»

Y .

However, #»

β 0 may not be a good estimator.

REMARK — Properties of #»

β 0

(1) Expectation: E[ #»

β 0] = E[FX′ #»

Y ] = FX′ E[ #»

Y ] = FX′X #»

β ̸= #»

β in general.

(2) Variance:

Var( #»

β 0) = Cov(FX #»

Y ,FX #»

Y )
= FX′ Cov( #»

Y ,
#»

Y )XF′

= σ2FX′XF′.

(3) Fitted values:

#̂»

Y = X #»

β 0

= XFX′ #»

Y

= (XFX′) #»

Y .

Note that by Theorem 11.2 (3), #̂»

Y does not depend on which g-inverse (F) we use.

(4) SSE:

SSE = ( #»

Y − #̂»

Y )′( #»

Y − #̂»

Y )
= ( #»

Y − XFX′ #»

Y )′( #»

Y − XFX′ #»

Y )
= #»

Y ′(I − XFX′)′(I − XFX′)Y
= #»

Y ′(I − XFX′)(I − XFX′)Y Theorem 11.2 (4)

= #»

Y ′(I − XFX′) #»

Y ,

where

(I − XFX′)(I − XFX′) = I − 2XFX′ + XFX′X︸ ︷︷ ︸
X

FX

= I − 2XFX′ + XFX′ Theorem 11.1 (3)
= I − XFX′.
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EXAMPLE 12.1

Weights of Six Plants

Types of Plants

Normal Off-type Aberrant
101 84 32
105 88
94

300 172 32

Relation between weight and types. Let Y = weight, x1 = normal, x2 = off-type, x3 = aberrant, where
all the covariates are binary. Yij = observation of jth plant of type i for i = 1, 2, 3; n1 = 3, n2 = 2, n3 = 1,
and n = n1 + n2 + n3 = 6.

#»

Y ′ =
(
Y11 Y12 Y13 Y21 Y22 Y33

)
=
(
101 105 94 84 88 32

)′
.

Regression model:
Yij = β0 + βi + εij .

• β0 = population mean;

• βi = effect of type i on the weight;

• εij = random error of observation Yij .

Explicitly, we have

Y11 = β0 + β1 + 0β2 + 0β3 + ε11

Y12 = β0 + β1 + 0β2 + 0β3 + ε12

Y13 = β0 + β1 + 0β2 + 0β3 + ε13

Y21 = β0 + 0β1 + β2 + 0β3 + ε21

Y22 = β0 + 0β1 + β2 + 0β3 + ε22

Y33 = β0 + 0β1 + 0β2 + β3 + ε33.

Therefore, #»

Y = X #»

β with

X =


1 1 0 0
1 1 0 0
1 1 0 0
1 0 1 0
1 0 1 0
1 0 0 1

 .

Note that rank(X) = 3 < min{6, 4} so X is not full rank.

X′X =


6 3 2 1
3 3 0 0
2 0 2 0
1 0 0 1

 .

X′ #»

Y =


Y..

Y1.

Y2.

Y3.

 =


504
300
172
32

 .
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Normal equation X′X #»

β = X′ #»

Y . g-inverse of X′X:

M =

3 0 0
0 2 0
0 0 1

 =⇒ F =


0 0 0 0
0 1/3 0 0
0 0 1/2 0
0 0 0 1

 .

Note that

#»

β 0 = FX′ #»

Y =


0

100
86
32


is one solution. However, we cannot claim that #»

β 0 is an estimate of #»

β . By direct calculation,

FX′X =


0 0 0 0
0 1/3 0 0
0 0 1/2 0
0 0 0 1




6 3 2 1
3 3 0 0
2 0 2 0
1 0 0 1

 =


0 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1

 .

Choose #»

b ′ =
(
1 1 0 0

)
and compute

#»

b ′FX′X =
(
1 1 0 0

)
= #»

b ′,

so #»

b ′ #»

β = β0 + β1 is estimable. Therefore, β̂0 + β̂1 is an estimator of β0 + β1.

Lecture 13
27th February

13 Lecture 13: Regression Without Full Rank (Continued)

THEOREM 13.1

If rank(X) = r, then

S2 = σ̂2 = SSE
n− r

is an unbiased estimator of σ2.

Proof:

E[SSE] = E
[

#»

Y ′(I − XFX′) #»

Y
]

= tr
(
(I − XFX′)σ2I

)
+ (X #»

β )′(I − XFX′) #»

X
#»

β

= σ2(tr(I) − tr(XFX′)
)

+ (X #»

β )′X #»

β − #»

β ′X′XFX′X #»

β

= σ2(n− r) + (X #»

β )′X #»

β − (X #»

β )′(X #»

β )
= σ2(n− r),

where we used the fact that rank(XFX′) = rank(X) = r by Theorem 11.2 (2). Therefore,

E[SSE] = σ2(n− r) =⇒ E[σ̂2] = σ2.
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THEOREM 13.2

If rank(X) = r and #»

Y ∼ MN(X #»

β , σ2I), then

(1) #»

β 0 = FX′ #»

Y ∼ MN(FX′X #»

β , σ2FX′XF′).

(2) #»

β 0 and σ̂2 are independent.

(3) SSE/σ2 ∼ χ2(n− r).

(4) SSR/σ2 ∼ χ2(r − 1, λ), where

λ = 1
2σ2 (X #»

β )′(XFX′ − 1
n J)X #»

β .

(5) SSE and SSR are independent.

Proof:

(1) Trivial.

(2) #»

β 0 = FX′ #»

Y and
σ̂2 = SSE

n− r
= 1
n− r

#»

Y ′(I − XFX′) #»

Y .

By direct calculation,

FX′σ2I(I − XFX′)

= σ2

n− r
FX′(I − XFX′)

= σ2

n− r
[FX′ − FX′XFX′]

= σ2

n− r
[FX′ − FX′] Theorem 11.1

= O.

Therefore, #»

β 0 and σ̂2 are independent by Theorem 5.1.

(3) Note that
SSE
σ2 =

#»

Y ′

σ
(I − XFX′)

#»

Y

σ

and
#»

Y

σ
∼ MN

(
X #»

β

σ
, I
)
.

Note that I − XFX′ is idempotent (see properties of #»

β 0). Now,

λ = 1
2

(
X #»

β

σ

)′

(I − XFX′)X #»

β

σ

= 1
2σ2

#»

β ′[X′X − X′XFX′X] #»

β

= 1
2σ2

#»

β ′[X′X − X′X] #»

β

= 0.

The result follows from Theorem 4.1.
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(4) Note that
SSR
σ2 =

#»

Y ′

σ
(XFX′ − 1

n J)
#»

Y

σ
.

We need to show that XFX′ − 1
n J is idempotent.

(XFX′ − 1
n J)2 = (XFX′ − 1

n J)(XFX′ − 1
n J)

= XFX′XFX′ − 1
n JXFX′ − 1

n XFX′J + 1
n2 JJ

= XFX′ − 1
n XFX′J − 1

n JXFX′ + 1
n J.

We know that XFX′X = X, so partitioning we see

XFX′ ( #»
j X1

)
= X,

which implies that XFX′ #»
j = #»

j . Therefore, XFX′J = J. Continuing,

XFX′ − 1
n XFX′J − 1

n JXFX′ + 1
n J = XFX′ − 1

n J − 1
n J + 1

n J
= XFX′ − 1

n J,

so XFX′ is idempotent. The result follows from Theorem 4.1.

(5) SSE = #»

Y ′(I − XFX′) #»

Y and SSR = #»

Y ′(XFX′ − 1
n J) #»

Y .

(I − XFX′)(XFX′ − 1
n J) = XFX′ − 1

n J − XFX′XFX + 1
n XFX′J

= XFX′ − 1
n J − XFX′ + 1

n J
= O.

The result follows from Theorem 5.2.

ANOVA Table

Source of Variation Degrees of Freedom Sum of Squares Mean Square F

Due to #»

β r SSR MSR = SSR/(r − 1) MSR/MSE
Error n− r SSE MSE = SSE/(n− r)
Total n− 1 SST

Rejection region: F > Fα(r − 1, n− r), and we are testing H0: X #»

β = #»0 versus HA: X #»

β ̸= #»0 , which is not the
same as the hypothesis test of H0:

#»

β = 0 versus HA:
#»

β ̸= 0 as before.

THEOREM 13.3

Let #»

β =

β0
...
βk

 ∈ Rk+1, #»

b ∈ Rk+1, and F be a g-inverse of X′X.

#»

b ′ #»

β is estimable if and only if one of the following hold:

(1) #»

b ′FX′X = #»

b ′.

(2) There exists #»a ∈ Rn such that #»

b ′ = #»a ′X.

(3) There exists #»c ∈ Rk+1 such that
#»

b ′ = #»c ′X′X.
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Proof:

(1) Theorem 12.1.

(2) To show (1) =⇒ (2), choose #»a ′ = #»

b ′FX′, which implies that #»a ′X = #»

b ′. To show (2) =⇒ (1),
note that #»

b ′ = #»a ′X, and multiply to get #»

b ′FX′X = #»a ′XFX′X = #»a ′X.

(3) To show (1) =⇒ (3), choose #»c = #»

b ′F. To show (3) =⇒ (1),
#»

b ′ = #»c ′X′X
#»

b ′FX′X = #»c ′X′XFX′X
= #»c ′X′X

= #»

b ′.

REMARK

Assume that #»

b ′ #»

β is estimable. Let #»

β 0 = FX′ #»

Y . #»

b ′ #»

β 0 is an estimator of #»

b ′ #»

β .

The expectation of #»

b ′ #»

β 0 is

E[ #»

b ′ #»

β 0] = #»

b ′ E[ #»

β 0]
= #»

b ′FX′X #»

β Theorem 13.2 (1)

= #»

b ′ #»

β Theorem 13.3 (1).

Hence, #»

b ′ #»

β 0 is an unbiased estimator of #»

b ′ #»

β .
The variance of #»

b ′ #»

β 0 is

Var( #»

b ′ #»

β 0) = #»

b ′ Var( #»

β 0) #»

b

= #»

b ′σ2FX′XF′ #»

b Theorem 13.2 (1)

= σ2 #»

b ′FX′X′F′ #»

b

= σ2 #»

b ′F′ #»

b Theorem 13.3 (1)

= σ2 #»

b ′F #»

b Theorem 11.2 (3)

by Theorem 11.2 (3).

THEOREM 13.4

If #»

Y ∼ MN(X #»

β , σ2I), then
#»

b ′ #»

β 0 ∼ MN( #»

b ′ #»

β , σ2 #»

b ′F #»

b ).

Claim:
#»

b ′ #»

β 0 − #»

b ′ #»

β√
σ2 #»

b ′F #»

b
∼ tn−r.
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#»

b ′ #»

β 0 − #»

b ′ #»

β√
σ2 #»

b ′F #»

b
=

#»

b ′ #»

β 0 − #»

b ′ #»

β√
σ2 #»

b ′F #»

b σ̂2

σ2

=
#»

b ′ #»

β 0 − #»

b ′ #»

β√
σ2 #»

b ′F #»

b

/√
σ̂2

σ2

= Z√
V

n−r

∼ t(n− r),

since
σ̂2

σ
= SSE
n− r

,

SSE ∼ χ2(n− r), Z ∼ N (0, 1), and V ∼ χ2(n− r). By Theorem 13.2 (2) Z and V are independent.
A (1 − α)100% confidence interval for #»

b ′ #»

β is given by

#»

b ′ #»

β 0 ± tn−r;α/2σ̂
√

#»

b ′F #»

b .

EXAMPLE 13.1

Refer to Example 12.1. Note that
#»

b ′FX′X = #»

b ′ =⇒ b2 + b3 + b4 = b1, b2 = −b3 = 1, #»

b ′ =
(
0 1 −1 0

)
.

We can estimate

#»

b ′ #»

β =
(
0 1 −1 0

)
β0
β1
β2
β3

 = β1 − β2.

n = 6, r = 3, α = 5%, tn−r;α/2 = 3.182.

σ̂2 = SSE
n− r

= 70
3 = 23.33

#»

b ′F #»

b

σ2 = 5
6 .

The confidence interval is

#»

b ′ #»

β 0 ± 3.182
√

23.33
√

5
6 = 14 ± 14.0303 = (−0.0303, 28.0303).

Lecture 14
2nd March

14 Lecture 14: General Linear Hypothesis Testing

Let B ∈ R(k+1)×s with rank(B) = s and #»m ∈ Rs. We want to test H0: B′ #»

β = #»m versus HA: B′ #»

β ̸= #»m. Write

B =


b11 · · · b1s

b21 · · · b2s

...
. . .

...
b(k+1)1 · · · b(k+1)s

 =
( #»

b 1
#»

b 2 · · · #»

b s

)
.

Hence,
B′ #»

β =
( #»

b ′
1

#»

β · · · #»

b ′
s

#»

β
)′
.
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In order for B′ #»

β to be estimable, we need #»

b ′
i

#»

β to be estimable for i = 1, . . . , s. This requires
#»

b ′
iFX′X = #»

b ′
i ⇐⇒ B′FX′X = B′.

THEOREM 14.1

Let #»

β 0 be a solution to the normal equation

X′X #»

β = X′ #»

Y .

Since XFX′X = X, it follows that X #»

β is estimable and X #»

β 0 is an estimator of X #»

β .
Assume that B′ #»

β is estimable.

(1) E[B′ #»

β 0] = B #»

β .

(2) Var(B′ #»

β 0) = σ2B′FB.

Proof: Since B′ #»

β is estimable, B′FX′X = B′. Furthermore,

B′ #»

β 0 = B′FX′X #»

β 0.

(1) For the expectation,

E[B′ #»

β 0] = E[B′FX′X #»

β 0]
= B′FE[X′X #»

β 0]
= B′FE[X′ #»

Y ]
= B′FX′ E[ #»

Y ]
= B′FX′X #»

β

= B′ #»

β .

(2) For the variance,

Var(B′ #»

β 0) = Var(B′FX′X #»

β 0)
= Var(B′FX′ #»

Y )
= (B′FX′)σ2I(B′FX′)′

= σ2B′FX′XF′B
= σ2B′FB.

THEOREM 14.2

If B′ #»

β is estimable, then rank(B′FB) = s.

Proof: B′ #»

β is estimable implies that there exists C ∈ R(k+1)×s matrix such that B′ = C′X′X (extension
of Theorem 13.3). We know that rank(B′) = s = rank(C′X′X) ≤ rank(C′) ≤ s. Therefore, rank(C) =
rank(C′) = s. Also, rank(B′) ≤ rank(C′X) ≤ rank(C′) = s, which implies that rank(C′X′) =
rank(XC) = s. Now,

B′FB = C′X′XFX′XC
= C′X′XC
= (XC)′(XC),
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and by Theorem 1.3, we have that

rank(B′FB) = rank
(
(XC)′(XC)

)
= rank(XC)
= s.

THEOREM 14.3

Set Q = (B′ #»

β 0 − #»m)′(B′FB)−1(B′ #»

β 0 − #»m). Then, the following hold:

(1) Q/σ2 ∼ χ2(s, λ), where

λ = 1
2σ2 (B′ #»

β − #»m)′(B′FB)−1(B′ #»

β − #»m).

(2) Q and SSE are independent.

Proof:

(1) The main idea is to use Theorem 4.1. Note that #»

Y ∼ N (X #»

β , σ2I).

B′ #»

β 0 − #»m = B′FX′X #»

β 0 − #»m

= B′FX′ #»

Y − #»m

∼ MN
(

B′FX′X #»

β − #»m,Σ
)

= MN(B′ #»

β − #»m︸ ︷︷ ︸
#»µ

,Σ),

where

Σ = σ2B′FXX′(B′FX′)′

= σ2B′FX′XB′F′B
= σ2B′FB.

Therefore,
AΣ = (B′FB)−1σ2(B′FB) = I,

which is idempotent. It follows from Theorem 4.1 that Q ∼ χ2(s, λ), where λ is defined above.

(2) Q = (B′ #»

β 0 − #»m)′(B′FB)−1(B′ #»

β 0 − #»m). Idea: rewrite Q into a quadratic form and use Theorem
5.1.

Q = (B′FX′ #»

Y − #»m)′(B′FB)−1(B′FX′ #»

Y − #»m)

Recall that SSE = #»

Y ′(I − XFX′) #»

Y , and

B′ #»

β 0 = B′FX′X #»

β 0

= B′FX′ #»

Y

= (B′FX′) #»

Y .

Hence,

(B′FX′)σ2I(I − XFX′) = σ2[B′FX′ − B′FX′XFX′]
= σ2[B′FX′ − B′FX′]
= O.
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Therefore, by Theorem 5.1, we obtain the result.
Alternative Proof Idea: Prove that B′FX′ #»

Y is independent of SSE.

B′FX′(I − XFX′) = B′FX′ − B′FX′XFX′

= B′FX.

General One-Way Classification Model
Yij = µ+ αi + εij ,

where i = 1, . . . , a are the factors, j = 1, . . . , ni are the levels, and n = n1 + · · · + na are the total number of
observations.

• µ is the global average;

• αi is additional impact of group i (αi > 0 higher than global average);

• εij is the error of group i on level j.

In matrix-vector form, we may write the model as follows.

Y11
...

Y1n1
...
Ya1
...

Yana


= X


µ
α1
...
αa

+ #»ε ,

where

X =



n1


1 1 0 · · · 0
...

...
...

. . .
...

1 1 0 · · · 0


n2


1 1 0 · · · 0
...

...
...

. . .
...

1 1 0 · · · 0


...

na


1 0 0 · · · 1
...

...
...

. . .
...

1 0 0 · · · 1





=⇒ X′ =


1 · · · 1 1 · · · 1 · · · 1 · · · 1
1 · · · 1 0 · · · 0 · · · 0 · · · 0
0 · · · 0 1 · · · 1 · · · 0 · · · 0
...

. . .
...

...
. . .

...
. . .

...
. . .

...
0 · · · 0 0 · · · 0 · · · 1 · · · 1



and rank(X) = a. Note that

X′X =


n n1 n2 · · · na

n1 n1 0 · · · 0
n2 0 n2 · · · 0
...

...
. . . . . .

...
na 0 · · · 0 na

 ∈ R(a+1)×(a+1)
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A g-inverse of X′X is

F =


0 · · · 0 0
... 1/n1

. . .
...

0
. . . . . . 0

0 · · · 0 1/na



X′ #»

Y =


∑a

i=1
∑ni

j=1 Yij∑n1
j=1 Y1j

...∑na

j=1 Yaj

 =


Y..

Y1.

...
Ya.

 ,

where Y.. =
∑n

i=1
∑ni

j=1 Yij and Yi. =
∑ni

j=1 = Yij . Also,

FX′ =


0 · · · 0 0
... 1/n1

. . .
...

0
. . . . . . 0

0 · · · 0 1/na




1 · · · 1 1 · · · 1 · · · 1 · · · 1
1 · · · 1 0 · · · 0 · · · 0 · · · 0
0 · · · 0 1 · · · 1 · · · 0 · · · 0
...

. . .
...

...
. . .

...
. . .

...
. . .

...
0 · · · 0 0 · · · 0 · · · 1 · · · 1



=


0 · · · 0 0 · · · 0 · · · 0 · · · 0

1/n1 · · · 1/n1 0 · · · 0 · · · 0 · · · 0
0 · · · 0 1/n2 · · · 1/n2 · · · 0 · · · 0
...

. . .
...

...
. . .

...
. . .

...
. . .

...
0 · · · 0 0 · · · 0 · · · 1/na · · · 1/na


Therefore, a solution to the normal equation

X′X #»

β = X′ #»

Y

is

#»

β 0 = FX′ #»

Y =


0

1
n1
Y1.

...
1

na
Ya.

 =


0
Y 1.

...
Y a.

 ,

where Y i. = 1
ni
Yi..

• Sum of Squares Total:

SST =
a∑

i=1

ni∑
j=1

(Yij − Y ..)2

=
a∑

i=1

ni∑
j=1

Y 2
ij − Y 2

..

n
.

• Sum of Squares Regression: Define #̂»

Y = X #»

β 0 = XFX′ #»

Y . Hence,

SSR =
a∑

i=1

ni∑
j=1

(Ŷij − Y ..)2

= #̂»

Y
′

#̂»

Y − 2
( a∑

i=1

ni∑
j=1

Ŷij

)
Y .. + nY

2
...
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Furthermore,
a∑

i=1

ni∑
j=1

Ŷij = #»
j ′ #̂»

Y

= #»
j ′X #»

β 0

=
(
n n1 · · · na

) #»

β 0

= n1Y 1. + n2Y 2. + · · · + naY a.

= Y..

= nY ..

Furthermore, SSR = #̂»

Y
′

#̂»

Y − nY
2
.., and

#̂»

Y
′
= X #»

β 0 = X


0
Y 1.

...
Y a.

 =



n1


Y 1.

...
Y 1.


...

na


Y a.

...
Y a.




Therefore,

SSR = n1Y
2
1. + · · · + naY

2
a. − nY

2
..

=
a∑

i=1

Y 2
i.

ni
− Y

2
..

n
.

• Sum of Squares Error:

SSE = SST − SSR

=
a∑

i=1

ni∑
j=1

Y 2
ij −

a∑
i=1

Yi.

ni
.

By Theorem 13.1 and Theorem 13.2, we have the following distributions.
• SSE/σ2 ∼ χ2(n− a).

• SSR/σ2 ∼ χ2(a− 1, λ), where
λ = 1

2σ2 (X #»

β )(XFX′ − 1
n J)X #»

β .

Lecture 15
6th March

15 Lecture 15: ANOVA Table For One-Way Classification

For H0: X #»

β = #»0 versus HA: X #»

β ̸= #»0 .

Source of Variation Degrees of Freedom Sum of Squares Mean Square F

Due to Regression a− 1 SSR MSR MSR/MSE
Error n− a SSE MSE
Total n− 1 SST

if F = MSR/MSE > Fα(a − 1, n − a), then we conclude that the model Yij + µ + αi + εij accounts for
significantly more variation in the Y variable than the model Yij + µ+ εij .
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Estimable Linear Combinations
#»

b ′FX′X = #»

b ′, where #»

b ∈ Ra+1.

FX′X =


0 · · · 0 0 · · · 0 0 · · · 0

1/n1 · · · 1/n1 0 · · · 0 0 · · · 0
0 · · · 0 1/n2 · · · 1/n2 0 · · · 0
...

. . .
...

...
. . .

...
...

. . .
...

0 · · · 0 0 · · · 0 1/na · · · 1/na



×


1 · · · 1 1 · · · 1 · · · 1 · · · 1
1 · · · 1 0 · · · 0 · · · 0 · · · 0
0 · · · 0 1 · · · 1 · · · 0 · · · 0
...

. . .
...

...
. . .

...
. . .

...
. . .

...
0 · · · 0 0 · · · 0 · · · 1 · · · 1

X

= exercise

=


0 0 0 · · · 0
1 1 0 · · · 0
1 0 1 · · · 0
...

...
...

. . .
...

1 0 0 0 · · · 1

 .

#»

b ′FX′X =
(
b1 + · · · + ba b1 b2 · · · ba

)
=
(
b0 b1 · · · ba

)
,

where b0 = b1 + · · · + ba. Now,

#»

b ′ #»

β =
(
b0 · · · ba

)

µ
α1
...
αa


= b0

#»µ + b1α1 + · · · + baαa

= (b1 + · · · + ba) #»µ + b1α1 + · · · + baαa

= b1(µ+ α1) + · · · + ba(µ+ αa).

Questions:

(1) Is µ estimable? No.

(2) Are αi’s estimable? No. bi = 1, bj = 0 for i ̸= j, so we will get µ+ αi ̸= αi.

(3) Is µ+ αi estimable? Yes. Choose bi = 1 and bj = 0 for i ̸= j.

(4) Is αi − αj estimable (for i ̸= j)? Yes. bi = 1, bj = −1, and bk = 0 for k ̸= i, j.

Confidence Interval
If #»

b ′ #»

β is estimable, then a 100(1 − α)% confidence interval for #»

b ′ #»

β is

#»

b ′ #»

β 0 ± tn−a,α/2σ̂
√

#»

b ′F #»

b .

To get a CI for βi − βj , we need to consider

#»

b ′ =
(

0 · · · 0 1︸︷︷︸
i

· · · −1︸︷︷︸
j

0 · · · 0
)
,
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we have #»

b ′ #»

β = #»

β i − #»

β j . Hence,
#»

b ′F #»

b =
(
0 · · · 0 1/ni · · · −1/nj 0 · · · 0

) #»

b

= 1
ni

+ 1
nj
.

Therefore, σ̂
√

1
ni

+ 1
nj

is the standard error for the CI of βi − βj , and a 100(1 − α)% confidence interval for
βi − βj is

β0
i − β0

j ± tn−a,α/2σ̂

√
1
ni

+ 1
nj
.

Two-way Nested Classification Part I
Yijk = µ+ αi + βij + εijk,

where i = 1, . . . , a (category i), j = 1, . . . , bi (subclass j), k = 1, . . . , nij (observation k).
• µ is the overall mean;

• αi is the effect due to category i;

• βij is the effect due to subclass j;

• εijk is the error.
In matrix-vector form, we may write the model as follows (why would anyone write this).

Y111
...

Y11n11
...

Y1b11
...

Y1b1n1b1
...

Y211
...

Y21n21
...

Y2b21
...

Y2b2n2b2
...

Ya11
...

Ya1na1
...

Yaba1
...

Yabanaba


︸ ︷︷ ︸

#»
Y

= X



µ
α1
...
αa

β11
...

β1b1
...
βa1
...

βaba


︸ ︷︷ ︸

#»
β

+ #»ε ,
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where I personally can’t be bothered to write out X.
Notes:

• Total number of observations: n =
∑a

i=1
∑bi

j=1 nij =
∑a

i=1 ni..

• Total number of parameters: m = 1 + a+
∑a

i=1 bi.

• rank(X′X) = b.

EXAMPLE 15.1

Suppose we want to know the students opinion of the instructor’s classroom use of computer facility
(0 ↔ 10). For example, if we have two courses English (two sections) and Geology (three sections):

• English Section 1: 5.

• English Section 2: 8, 10, 9.

• Geology Section 1: 8, 10.

• Geology Section 2: 6, 2, 1, 3.

• Geology Section 3: 3, 7.

We calculate the following.

• a = 2, b1 = 2, b2 = 3.

• n11 = 1, n12 = 3, n21 = 2, n22 = 4, n23 = 2.

• n = n11 + n12 + n21 + n22 + n23 = 1 + 3 + 2 + 4 + 2 = 12.

• m = 1 + a+ b1 + b2 = 1 + 2 + 2 + 3 = 8.

#»

β =



µ
α1
α2
β11
β12
β21
β22
β23



X′X =



n.. n1. n2. n11 n12 n21 n22 n23
n1. n2. 0 n11 n12 0 0 0
n2. 0 n2. 0 0 n21 n22 n23
n11 n11 0 n11 0 0 0 0
n12 n12 0 0 n12 0 0 0
n21 0 n21 0 0 n21 0 0
n22 0 n22 0 0 0 n22 0
n23 0 n23 0 0 0 0 n23


.

X′ #»

Y =
(
Y... Y1. Y2. Y11. Y12. Y21. Y22. Y23.

)
.

rank(X′X) = b1 + b2 = 5, and a g-inverse of X′X is

F =
(

O O
O diag(1/n11, . . . , /n23)

)
.
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X =



1 1 0 1 0 0 0 0
1 1 0 0 1 0 0 0
1 1 0 0 1 0 0 0
1 1 0 0 1 0 0 0
1 0 1 0 0 1 0 0
1 0 1 0 0 1 0 0
1 0 1 0 0 0 1 0
1 0 1 0 0 0 1 0
1 0 1 0 0 0 1 0
1 0 1 0 0 0 1 0
1 0 1 0 0 0 0 1
1 0 1 0 0 0 0 1


Therefore,

#»

β ′
0 = FX′ #»

Y =
(
0 0 0 Y 11. Y 12. Y 21. Y 22. Y 23.

)′
.

Lecture 16
9th March

16 Lecture 16: Two-Way Nested Classification Part II
• Model 1: Yijk = µ+ εijk.

• Model 2: Yijk = µ+ αi + εijk.

• Model 3: Yijk = µ+ αi + βij + εijk.

ANOVA

SST =
a∑

i=1

bi∑
j=1

nij∑
k=1

(Yijk − Y ...)2

= #»

Y ′ #»

Y − nY
2
....

SSR =
a∑

i=1

bi∑
j=1

nij∑
k=1

(Ŷijk − Y ...)2

= #»

β ′
0X′ #»

Y − nY
2
....

= SS(α, β : α | µ).
SSE = SST − SSR

=
a∑

i=1

bi∑
j=1

( nij∑
k=1

Y 2
ijk − 1

nij
Y 2

ij.

)
.

ANOVA Table I
Testing the overall effectiveness of Model 3.

Source of Variation Degrees of Freedom Sum of Squares Mean Square F

Fitting α, β : α after µ b− 1 SSR MSR MSR/MSE
Error n− b SSE MSE

Total n− 1 SST

Tests on the significant impact on the variation in Y .
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ANOVA Table II

Source of Variation Degrees of Freedom Sum of Squares Mean Square F

Fitting α after µ a− 1 SS(α | µ) MSR(α | µ) F (α | µ)
Fitting β : α after µ, α b− a SS(β : α | µ, α) MSR(β : α | µ, α) F (β : α | µ, α)
Error n− b SSE MSE

Total n− 1 SST

• SS(α | µ) = SSR of Model 2; that is, we are checking the impact of α on the variance.

• SS(β : α | µ, α) = SS(α, β : α | µ) − SS(α | µ); that is, we are checking the impact of β after α on the
model.

F (α | µ) = MSR(α | µ)
MSE

∼ F (α− 1, n− b).

F (β : α | µ, α) = MSR(β : α)
MSE

∼ F (b− a, n− b).

EXAMPLE 16.1

Refer to the English and Geology data from Example 15.1.

• SST = 110

• SSR = 84.

• SSE = 26.

• SS(α | µ) =
a∑

i=1

Y 2
i..

ni.
− Y 2

...

n
= 24.

• SS(β : α | µ, α) = 84 − 24 = 60.

ANOVA Table I:

Source of Variation Degrees of Freedom Sum of Squares Mean Square F

Fitting α, β : α after µ 4 84 21 21(7)/26 = 5.66
Error 7 26 26/7
Total 11 110

ANOVA Table II:

Source of Variation Degrees of Freedom Sum of Squares Mean Square F

Fitting α after µ 1 24 24 6.5
Fitting β : α after µ, α 3 60 20 5.4
Error 7 26 26/7
Total 11 110

• Testing α, β : α after µ: 5.66 > F0.05(4, 7) = 4.12, reject the fact that we do not need α and β, so
Model 3 is adequate. Model 3 accounts for significantly more variation than Model 1.

• Testing α after µ: 6.5 > F0.05(1, 7) = 5.59, we need α. Model 2 accounts for significantly more
variation than Model 1.

• Testing β : α after µ, α: 5.4 > F0.05(3, 7) = 4.35, we need β. Model 3 accounts for significantly
more variation than Model 2.
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Estimable Combinations
#»

b ′FX′X = #»

b ′. Write #»

b ′FX′ = #»c ′. Also, #»

b ′ #»

β = #»c ′X #»

β . Idea:

#»c ′ =
(
c111 · · · c11n11 · · · cij1 · · · cijnij

· · ·
)
.

#»c ′X =
(
w11 · · · w1b1 w21 · · · w2b2 · · · wa1 · · · waba

)
.

#»

b ′ #»

β =
(
w11 · · · w1b1 · · ·

) #»

β

=
a∑

i=1

bi∑
j=1

wij(µ+ αi + βij).

Conclusion:

(1) µ, µ+ αi, αi are not estimable.

(2) µ+ αi + βij is estimable.

(3) βij − βiℓ is estimable.

(4) µ+ αi +
∑bi

j=1 wijβij is estimable if
∑bi

j=1 wij = 1.

(5) αi − αℓ +
∑bi

j=1 wijβij −
∑bℓ

ℓ=1 wiℓβiℓ is estimable if
∑bi

j=1 wij =
∑bℓ

ℓ=1 wiℓ = 1.

(6) αi − αℓ is not estimable.

Hypothesis Testing
• H0: βi1 = · · · = βibi

, i = 1, . . . , a;

• HA: at least one equality fails.

Define (b1 − 1) + (b2 − 1) + · · · + (ba − 1) = n′ and m = 1 + a +
∑a

i=1 bi. Hence, B′ ∈ Rn′×m, where
rank(B) = b− a. Therefore,

B′ =
(
On′×(a+1) diag(Zb1 , . . . ,Zba

)
)
,

where Zbi =
(

1(bi−1)×1 diag(−1, . . . ,−1︸ ︷︷ ︸
bi−1

)
)

∈ R(bi−1)×bi for i = 1, . . . , a.

Q = (B′ #»

β 0)′(B′FB)(B′ #»

β 0) = SS(β : α | µ, α).

F = Q/(n− a)
SSE/(n− b) ∼ F (b− a, n− b).

REMARK

If nij = r for all i, j, and bi = c for all i, then the model is called a balanced model.

From Example 15.1, we have

#»

β =



µ
α1
α2
β11
β12
β21
β22
β23


,

64



#»

b ′ =
(
a1 a2 a3 b11 b12 b21 b22 b23

)
.

Therefore, #»

b ′FX′X = #»

b ′, where

a1 = b11 + b12 + b21 + b22 + b23,

a2 = b11 + b12,

a3 = b21 + b22 + b23.

Therefore,
#»

b ′ #»

β = a1µ+ a2α1 + a3α2 + b11β11 + b12β12 + b21β21 + b22β22 + β23β23

= b11(µ+ α1 + β11) + b12(µ+ α1 + β12) + b21(µ+ α2 + β21) + b22(µ+ α2 + β22) + b23(µ+ α2 + β23).
Lecture 17

13th March

17 Lecture 17: Two-way Crossed Classification (No Interaction) Part I
Basic Data Structure:

• Two factors A and B, where factor A has a levels, and factor B has b levels.
A\B 1 2 · · · b

1 n11 n12 · · · n1b

2 n21 n22 · · · n2b

...
...

...
. . .

...
a na1 na2 · · · nab

Let nij be the number of observations at cell (i, j). The model with no interaction is defined as

Yij = µ+ αi + βj + εij .

Write
#»

β =
(
µ α1 · · · αa β1 · · · βb

)′
.

For this model, nij = 0 or 1. If nij = 1 for all cells, the model is said to be balanced. In this case, we have

X =



(i, j) µ α1 α2 · · · αa β1 β2 · · · βb

(1, 1) 1 1 0 · · · 0 1 0 · · · 0
...

...
...

...
. . .

...
...

...
. . .

...
(1, b) 1 1 0 · · · 0 0 0 · · · 1
(2, 1) 1 0 1 · · · 0 1 0 · · · 0

...
...

...
...

. . .
...

...
...

. . .
...

(2, b) 1 0 1 · · · 0 0 0 · · · 1
...

...
...

...
. . .

...
...

...
. . .

...
(a, 1) 1 0 1 · · · 1 1 0 · · · 0

...
...

...
...

. . .
...

...
...

. . .
...

(a, b) 1 0 1 · · · 1 0 0 · · · 1



∈ R(ab)×

m︷ ︸︸ ︷
(1 + a+ b).

X′X =



n.. n1. n2. · · · na. n.1 · · · n.b

n1. n1. 0 · · · 0 1 · · · 1

n2. 0 n2.
. . . 0 1 · · · 1

...
...

. . . . . .
...

...
. . .

...
na. 0 0 · · · na. 1 · · · 1
n.1 1 1 · · · 1 n.1 · · · 0
...

...
. . . . . .

...
...

. . .
...

n.b 1 1 · · · 1 0 · · · n.b


∈ Rm×m.
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For a general model nij = 0 or 1, we have

X′X =



n.. n1. n2. · · · na. n.1 · · · n.b

n1. n1. 0 · · · 0 n11 · · · n1b

n2. 0 n2.
. . . 0 n21 · · · n2b

...
...

. . . . . .
...

...
. . .

...
na. 0 0 · · · na. na1 · · · nab

n.1 n11 n21 · · · na1 n.1 · · · 0
...

...
. . . . . .

...
...

. . .
...

n.b n1b n2b · · · nab 0 · · · n.b


.

X′ #»

Y =



Y..

Y1.

...
Ya.

Y.1
...
Y.b


.

The normal equation is X′X #»

β = X′ #»

Y . We note that rank(X) = a+ b− 1 since the sum of rows 2 to a equals
the first row, and the sum of rows a+ 2 to a+ b+ 1 also equals to the first row. Since the number of parameters
is a+ b+ 1, it follows that we have the freedom of removing two equations.

General Rules:

(1) Remove the first equation by setting µ = 0.

(2) If a < b, set α1 = 0. If a > b, set βb = 0. If a = b, set either α1 = 0 or βb = 0.

Let

Da. = diag(n1., . . . , na.),
D.b = diag(n.1, . . . , n.b),

D.(b−1) = diag(n.1, . . . , n.(b−1)),

Nab =

n11 · · · n1b

...
. . .

...
na1 · · · nab

 .

Therefore,

X′X =



n.. n1. · · · na. n.1 · · · n.b

n1.

...
na.

n.1
...
n.b

Da. Nab

N′
ab D.b


.

Furthermore,
#»

Y a. =
(
Y1. · · · Ya.

)′
,

#»

Y .(b−1) =
(
Y.1 · · · Y.(b−1)

)′
.

Removing µ and βb (first row and last row are linear combination of other rows), we obtain(
Da. Na(b−1)

N′
a(b−1) D.(b−1)

)(
#»α

#»

β b−1

)
=
( #»

Y a.
#»

Y .(b−1)

)
,
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where #»α =

α1
...
αa

, and #»

β b−1 =

 β1
...

βb−1

. Set N = Na(b−1). Therefore,

Da.
#»α + N #»

β b−1 = #»

Y a.

N′ #»α + D.(b−1)
#»

β b−1 = #»

Y .(b−1)

From the first equation, we obtain
#»α = D−1

a. ( #»

Y a. − N #»

β b−1).
Substituting #»α into the second equation, we get

N′D−1
a. ( #»

Y a. − N #»

β b−1) + D.(b−1)
#»

β b−1 = #»

Y .(b−1)

N′D−1
a.

#»

Y a. − N′D−1
a. N #»

β b−1 + D.(b−1)
#»

β b−1 = #»

Y .(b−1)

−N′D−1
a. N #»

β b−1 + D.(b−1)
#»

β b−1 = #»

Y .(b−1) − N′D−1
a.

#»

Y a.

(D.(b−1) − N′D−1
a. N) #»

β b−1 = #»

Y .(b−1) − N′D−1
a.

#»

Y a.

Define

C = D.(b−1) − N′D−1
a. N,

#»r = #»

Y .(b−1) − M′ #»

Y a.,

M = D−1
a. N,

so solving for #»

β b−1 (assuming that C−1 exists) above yields
#»

β b−1 = C−1 #»r .

Furthermore,
#»α = D−1

a.

#»

Y a. − MC−1 #»r .

Hence, one solution is

#»

β 0 =


0 µ

#»

Y a. − MC−1 #»r #»α

C−1 #»r
#»

β b−1
0 βb

 ,

where D−1
a.

#»

Y a. =
#»

Y a..
A g-inverse of X′X is

F =


0 O O 0
O D−1

a. + MC−1M′ −MC−1 O
O −C−1M′ C−1 O
0 O O 0

 .

To verify this, we must check the following (exercise).(
D−1

a. + MC−1M′ −MC−1

−C−1M′ C−1

)(
Da. N
N′ D.(b−1)

)
=
(

Ia + MC−1M′Da. − MC−1N′ (D−1
a. + MC−1M′)N − MC−1D.(b−1)

−C−1M′Da. + C−1N′ −C−1M′N + C−1D.(b−1).

)
=
(

Ia O
O Ib−1

)
= Ia+b−1.

Lecture 18
16th March
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18 Lecture 18: Two-way Crossed Classification (No Interaction) Part II

We know that
∑a

i=1 αi = 0 and
∑b

j=1 βj = 0.

• SST =
a∑

i=1

b∑
j=1

Y 2
ij − Y 2

..

n
.

SS(α, β | µ) = #»

β ′
0X′ #»

Y − Y 2
..

n

= #»

β ′
0


Y..
#»

Y a.
#»

Y .(b−1)
Y.b

− Y 2
..

n

=
(

0 (
#»

Y a. − MC−1 #»r )′ (C−1 #»r )′ 0
)

Y..
#»

Y a.
#»

Y .(b−1)
Y.b

− Y 2
..

n

= (D−1
a.

#»

Y a. − MC−1 #»r )′ #»

Y a. + (C−1 #»r )′ #»

Y .(b−1) − Y 2
..

n

= #»

Y ′
a.D−1

a.

#»

Y a. − (MC−1 #»r )′ #»

Y a. + (C−1 #»r )′ #»

Y .(b−1) − Y 2
..

n

=
a∑

i=1

Y 2
i.

ni.
+ (C−1 #»r )′( #»

Y .(b−1) − M′ #»

Y a.) − Y 2
..

n

=
a∑

i=1

Y 2
i.

ni.
+ #»

β ′
b−1

#»r − Y 2
..

n
,

where C−1 #»r = #»

β b−1, and #»r = #»

Y .(b−1) − M′ #»

Y a..

ANOVA Table I

Source of Variation Degrees of Freedom Sum of Squares Mean Square F

Fitting α, β after µ a+ b− 2 SS(α, β | µ) MS(α, β | µ) F (α, β | µ)
Error n− (a+ b− 1) SSE MSE

Total n− 1 SST

• SS(α, β | µ) =
a∑

i=1

Y 2
i.

ni.
+ #»

β ′
b−1

#»r − Y 2
..

n
.

ANOVA Table II

Source of Variation Degrees of Freedom Sum of Squares Mean Square F

Fitting α after µ a− 1 SS(α | µ) MS(α | µ) F (a− 1, n+ 1 − a− b)
Fitting β after µ, α b− 1 SS(β | µ, α) MS(β | µ, α) F (b− 1, n+ 1 − a− b)
Error n+ 1 − a− b SSE MSE

Total n− 1 SST

• SS(α | µ) =
a∑

i=1

Y 2
i.

ni.
− Y 2

..

n
.

• SS(β | µ, α) = SS(α, β | µ) − SS(α | µ) = #»

β ′
b−1

#»r .
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ANOVA Table III

Source of Variation Degrees of Freedom Sum of Squares Mean Square F

Fitting β after µ b− 1 SS(β | µ) MS(β | µ) F (b− 1, n+ 1 − a− b)
Fitting α after µ, β a− 1 SS(α | µ, β) MS(α | µ, β) F (a− 1, n+ 1 − a− b)
Error n+ 1 − a− b SSE MSE

Total n− 1 SST

• SS(β | µ) =
b∑

j=1

Y 2
.j

n.j
− Y 2

..

n
.

• SS(α | µ, β) = SS(α, β | µ) − SS(β | µ).

Estimable Functions
E[Yij ] = µ+ αi + βj =

∑
i,j

wij(µ+ αi + βj).

(1) µ+ αi + βj is estimable for all i, j. Choose wij = 1 and wkℓ = 0 for k ̸= i or ℓ ̸= j.

(2) αi − αk is estimable for all i ̸= k. Choose wij = −wkj = 1, other wkℓ = 0.

(3) βk − βℓ is estimable for all k ̸= ℓ. Choose wik = −wiℓ = 1 and other coefficients 0.

EXAMPLE 18.1

Number of seconds beyond 3 minutes taken to boil 8 cups of water.

Make of Pan (β)
Brand of Stove (α) A B C

X 18 12 24
Y − − 9
Z 3 − 15
W 6 3 18

The model will be Yij = µ+ αi + βj + εij .

#»

Y =
(
Y11 Y12 Y13 Y23 Y31 Y33 Y41 Y42 Y43

)′

X =



µ α1 α2 α3 α4 β1 β2 β3
1 1 0 0 0 1 0 0
1 1 0 0 0 0 1 0
1 1 0 0 0 0 0 1
1 0 1 0 0 0 0 1
1 0 0 1 0 1 0 0
1 0 0 1 0 0 0 1
1 0 0 0 1 1 0 1
1 0 0 0 1 0 1 0
1 0 0 0 1 0 0 1


∈ R9×8

• n = 9.

• m = 1 + 4 + 3 = 8.

• n.. = 9.

• n1. = 3, n2. = 1, n3. = 2, n4. = 3.
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• n.1 = 3, n.2 = 2, n.3 = 4.

• a = 4, b = 3, so a > b (choose µ = 0, α1 = 0)

X′X =



9 3 1 2 3 3 2 4
3 3 0 0 0 1 1 1
1 0 1 0 0 0 0 1
2 0 0 2 0 1 0 1
3 0 0 0 3 1 1 1
3 1 0 1 1 3 0 0
2 1 0 0 1 0 2 0
4 1 1 1 1 0 0 4


• Da. = diag(3, 1, 2, 3).

• N =


1 1
0 0
1 0
1 1

.

• M = D−1
a. N =


1/3 1/3
0 0

1/2 0
1/3 1/3

.

• D.(b−1) =
(

3 0
0 2

)
.

• C = D.(b−1) − N′D−1
a. N =

(
3 0
0 2

)
−
(

1 0 1 1
1 0 0 1

)
1/3 1/3
0 0

1/2 0
1/3 1/3

 =
(

11/6 −4/6
−4/6 8/6

)
.

• C−1 = 1
12

(
8 4
4 11

)
.

•
#»

Y a. = (18, 9, 9, 9)′.

• #»

Y a. = (54, 9, 18, 27)′.

• #»

Y .(b−1) = (27, 15)′.

• #»r = #»

Y .(b−1) − M′ #»

Y a. =
(

27
15

)
−
(

1/3 0 1/2 1/3
1/3 0 0 1/3

)
54
9
18
27

 =
(

−9
−12

)
.

Therefore, a solution is #»

β 0 =
(
0 26 9 14 17 −10 −14 0

)′. A g-inverse of X′X is

F = 1
12



0
[
0 0 0 0

] [
0 0

]
0

0
0
0
0




7 0 2 3
0 12 0 0
2 0 8 2
3 0 2 7




−4 −5
0 0

−4 −2
−4 −5




0
0
0
0

[
0
0

] [
−4 0 −4 −4
−5 0 −2 −5

] [
8 4
4 11

] [
0
0

]
0

[
0 0 0 0

] [
0 0 0

]
0


.
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Lecture 19
20th March

19 Lecture 19: Two-way Crossed Classification (No Interaction) Part III

• n.. =
∑a

i=1
∑bi

j=1 nij .

• #»na. = (n1., . . . , na.)′.

• #»n .b = (n.1, . . . , n.b)′.

• Da. = diag(n1., . . . , na.).

• D.b = diag(n.1, . . . , n.b).

• N =

n11 · · · n1(b−1)
...

. . .
...

na1 · · · na(b−1)

.

• #»n b = (n1b, . . . , nab)′.

Using these definitions, we may write

X′X =


n..

#»n ′
a.

#»n ′
.(b−1) n.b

#»na. Da. N #»n b
#»n .(b−1) N′ D.(b−1) O
n.b

#»n ′
b O n.b

 .

A g-inverse of X′X is

F =


0 O O 0
O D−1

a. + MC−1M′ −MC−1 O
O −C−1M′ C−1 O
0 O O 0

 ,

where the dimensions of O need to be filled in for A5Q2 (trivial). Recall that M = D−1
a. N and C = D.(b−1) −

N′D−1
a. N = D.(b−1) − M′N. We will compute the following quantity.

FX′X =


O O O O
1 5 6 3
2 7 8 4
O O O O

 .

Block 1

1 = (D−1
a. + MC−1M′) #»na. − MC−1 #»n .(b−1)

= D−1
a.

#»na. + MC−1[M′ #»na. − #»n .(b−1)]
= #»
j a + MC−1O

= #»
j a.
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M = D−1
a. N =⇒ M′ #»na. = N′D−1

a.
#»na.

= N′ #»
j a

=

n11 · · · n1(b−1)
...

. . .
...

na1 · · · na(b−1)


1

...
1


=

 n.1
...

n.(b−1)

 .

Block 2

2 = −C−1M′ #»na. + C−1 #»n .(b−1)

= −C−1[M′ #»na. − #»n .(b−1)]
= O.

Block 5

5 = (D−1
a. + MC−1M′)Da. − MC−1N′

= D−1
a. Da. + MC−1M′Da. − MC−1N′

= Ia + MC−1[M′Da. − N′]
= Ia.

M′ = N′D−1
a. =⇒ M′Da = N′D−1

a. Da. = N′.

Block 6

6 = (D−1
a. + MC−1M′)N − MC−1D.(b−1)

= D−1
a. N + MC−1M′N − MC−1D.(b−1)

= M + MC−1(M′N − D.(b−1))
= M − MC−1C
= O.

C = D.(b−1) − N′D−1
a. N = D.(b−1) − M′N.

Block 7

7 = −C−1M′Da. + C−1N′

= −C−1N′D−1
a. Da. + C−1N′

= O.

Block 8

8 = −C−1M′N + C−1D.(b−1)

= −C−1(D.(b−1) − M′N)
= C−1C
= Ib−1.
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Block 3

3 = (D−1
.(b−1) + MC−1M′) #»n b

= (D−1
a. + MC−1M′)( #»na. − N #»

j b−1)
= D−1

a.
#»na. + MC−1M′ #»na. − (D−1

a. + MC−1M′)N #»
j b−1

= #»
j a + MC−1N′D−1

a.
#»na. − (D−1

a. + MC−1M′)N #»
j b−1

= #»
j a + MC−1 #»

j a − MC−1D.(b−1)
#»
j b−1

= #»
j a + MC−1[N′ #»

j a − D.(b−1)
#»
j b−1]

= #»
j a + MC−1


 n.1

...
n.(b−1)

−

 n.1
...

n.(b−1)




= #»
j a.

#»n .a =

n1.

...
na.

 =

n11 + · · · + n1(b−1) + n1b

...
na1 + · · · + na(b−1) + nab


= N #»

j b−1 + #»n b.

(D−1
a. + MC−1M′)N − MC−1D.(b−1) = D−1

a. N + MC−1M′N − MC−1D.(b−1)

= M − MC−1(D.(b−1) − M′N)
= M − M
= O.

Block 4

4 = −C−1M′ #»n b

= −C−1M′[ #»na. − N #»
j b−1]

= −C−1M′ #»na. + C−1M′N #»
j b−1

= −C−1M′ #»na. + (C−1D.(b−1) − Ib−1) #»
j b−1

= −C−1M′ #»na. + C−1D.(b−1)
#»
j b−1 − #»

j b−1

= −C−1[M′ #»na. − D.(b−1)
#»
j b−1] − #»

j b−1

= −C−1O − #»
j b−1

= − #»
j b−1.

Therefore,

FX′X =


0 O O 0

#»
j a Ia O #»

j a

O O Ib−1 − #»
j b−1

0 O O 0

 .
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Estimable Combinations
#»w ′FX′X = #»w, where #»w =

(
w0 w1 · · · wa wa+1 · · · wa+b

)
.

#»w ′ #»

β = w0µ+ w1α1 + · · · + waαa + wa+1β1 + · · · + wa+bβb

= (w1 + · · · + wa)µ+ w1α1 + · · · + waαa

+ wa+1β1 + · · · + wa+b−1βb−1

+
[
(w1 + · · · + wa) − (wa+1 + · · · + wa+b−1)

]
βb

=
a∑

i=1
wi(µ+ αi + βa+b) +

b−1∑
j=1

wj+a(βj − βb).

#»w ′


0 O O 0

#»
j a Ia O #»

j a

O O Ib−1 − #»
j b−1

0 O O 0

 =

 w1 + · · · + wa

w1 + · · · + wa + wa+1 + · · · + aa+b−1
(w1 + · · · + wa) − (wa+1 + · · · + wa+b+−1)

′

Therefore,

w0 = w1 + · · · + wa.

wa+b = w1 + · · · + wa − (wa+1 + · · · + wa+b−1).

(1) µ+ αk + βℓ is estimable. wk = wℓ+a = 1 for ℓ < b, and wk = 1 otherwise.

(2) αk − αℓ is estimable.

(3) βk − βℓ is estimable.

(4) Fix 1 ≤ k ≤ b− 1, let wi = nik, wa+b = n.k, others 0.

#»w ′ #»

β =
∑

nik(µ+ αi) + n.kβa+b + nik(βk − βa+b) = n.kµ+
(
n.kβk +

a∑
i=1

nikαi

)
.

For k = a+ b, choose wi = nik, wa+j = 0 for all j. Hence,

#»w ′ #»

β = n.kµ+
(
n.kβk +

a∑
i=1

nikαi

)
Deadly Exercise: Verify that X′XFX′X = X′X.
Lecture 20

23rd March

20 Lecture 20: Two-way Crossed Classification (No Interaction) Part IV
Yij = µ+ αi + βj + εij .

H0: B′ #»

β = #»0 versus HA: B′ #»

β ̸= 0

The test statistic in general will be F = Q/r

MSE
, where

• Q = (B′ #»

β 0)′(B′FB)−1(B′ #»

β 0);

• #»

β 0 is one solution to the normal equation X′X #»

β = X′ #»

Y ;

• F is a g-inverse of X′X;

• r = rank(B).
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H0: β1 = · · · = βb versus HA: ¬H0

• B′ =



µ α1 · · · αa β1 β2 · · · βb−1 βb

0 0 · · · 0 1 0 · · · 0 −1

0 0 · · · 0 0 1
. . . 0 −1

...
...

. . .
...

...
. . . . . .

...
...

0 0 · · · 0 0 · · · 0 1 −1

 =
(
O(b−1)×(a+1) Ib−1 − #»

j b−1
)
.

• A5Q2: Show that Q = SS(β | µ, α), and r = b− 1.

H0: α1 = · · · = αa versus HA: ¬H0

• B′ =
(
0 Ia−1 − #»

j a−1 O(a−1)×b

)
.

• Q = SS(α | µ, β) and r = a− 1.

H0: βj + 1
n.j

∑a
i=1 nijαi are equal for j = 1, . . . , b versus HA: ¬H0

Idea: The first equation will be

β1 + 1
n.1

a∑
i=1

ni1αi = βb + 1
n.b

a∑
i=1

nibαi =⇒ β1 − βb +
a∑

i=1

(
ni1

n.1
− nib

n.b

)
αi = 0.

• B′ =



µ α1 · · · αa β1 β2 · · · βb−1 βb

0 n11

n.1
− n1b

n.b
· · · na1

n.1
− nab

n.b
1 0 · · · 0 −1

0 n12

n.2
− n1b

n.b
· · · na2

n.2
− nab

n.b
0 1

. . . 0 −1
...

...
. . .

...
...

. . . . . . . . .
...

.

• Q = SS(β | µ) and r = b− 1.

Notes:
n11

n.1
+ · · · + na1

n.1
= 1.

β1 + n11

n.1
α1 + · · · + na1

n.1
αa = βb + n1b

n.b
α1 + · · · + nab

n.b
αa.

If nij = 1 for all i = 1, . . . , a and j = 1, . . . , b, then we will be testing β1 = βb.

H0: αi + 1
ni.

∑b
j=1 nijβj are equal for i = 1, . . . , a versus HA: ¬H0

• B′ = exercise.

• Q = SS(α | µ) and r = a− 1.

Existence of Interaction
EXAMPLE 20.1

No interaction:

Age\ Type A B C
<30 3.2 1.8 6.5
30–60 2.8 1.6 5.3
>60 1.5 1.0 3.4
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Interaction:

Age\ Type A B C
<30 3.2 1.4 6.5
30–60 6.2 1.2 2.5
>60 5.8 1.3 2.1

Look at the plots.

Two-Way Crossed Classification (Interaction) Part I
Yijk = µ+ αi + βj + γij + εijk,

where i = 1, . . . , a; j = 1, . . . , b; k = 1, . . . , nij where nij ≥ 1.

i\j 1 2 · · · b
1 n11 n12 · · · n1b

2 n21 n22 · · · n2b

...
...

...
. . .

...
a na1 na2 · · · nab

Yij. =
nij∑
k=1

Yijk =⇒ Y ij. = 1
nij

Yij..

Yi.. =
b∑

j=1

nij∑
k=1

Yijk,

Y.j. =
a∑

i=1

nij∑
k=1

Yijk,

ni. =
b∑

j=1
nij ,

n.j =
a∑

i=1
nij ,

n.. =
a∑

i=1

b∑
j=1

nij ,

s = total number of non-empty cells.

The design matrix X is n.. ×m, where m = 1 + a+ b+ s and rank(X′X) = s.

D = diag
(

1
n11

, . . . ,
1
n1b

,
1
n21

, . . . ,
1
na1

, . . . ,
1
nab

)
∈ Rs×s,

where nij ≥ 1. A g-inverse of X′X is

F =
(

O O
O D

)
∈ Rm×m.

A solution to the normal equation is
#»

β 0 = FX′ #»

Y =
(
O1×(1+a+b) Y 11. · · · Y ab.

)
,

where we only keep the non-empty cells (i.e., nij ≥ 1). We can test H0: B′ #»

β = #»m versus B′ #»

β ̸= #»m.
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• SST =
a∑

i=1

b∑
j=1

nij∑
k=1

Y 2
ijk − Y 2

...

n..
.

• SSE =
a∑

i=1

b∑
j=1

nij∑
k=1

Y 2
ijk −

a∑
i=1

b∑
j=1

Y 2
ij.

nij
.

ANOVA Table I

SV df SS MS F

α, β, γ | µ s− 1 SS(α, β, γ | µ) MS(α, β, γ | µ) F (α, β, γ | µ)
Error n− s SSE MSE

Total n− 1 SST

• SS(α, β, γ | µ) =
a∑

i=1

b∑
j=1

Y 2
ij.

nij
− Y 2

...

n..

ANOVA Table II
Fitting α, then β, followed by γ. In compact notation, α → β → γ.

SV df SS MS F

α | µ a− 1 SS(α | µ) MS(α | µ) F (α | µ)
β | µ, α b− 1 SS(β | µ, α) MS(β | µ, α) F (β | µ, α)
γ | µ, α, β s− a− b+ 1 SS(γ | µ, α, β) MS(γ | µ, α, β) F (γ | µ, α, β)
Error n− s SSE MSE

Total n− 1 SST

• SS(α | µ) =
a∑

i=1

Y 2
i..

ni.
− Y 2

...

n..
.

• SS(β | µ, α) = ( #»

β 0
b−1)′ #»r .

• SS(γ | µ, α, β) =
a∑

i=1

b∑
j=1

Y 2
ij.

nij
−

a∑
i=1

Y 2
i..

ni.
− ( #»

β 0
b−1)′ #»r , where

#»

β 0 =
(
µ0 α0

1 · · · α0
a β0

1 · · · β0
b (γij)0)′

.

#»

β 0
b−1 =

(
β0

1 · · · β0
b−1
)′
.

To obtain #»

β 0
b−1 and #»r , we replace Y.j and Y i. by Y.j. and Y i.., respectively.

Lecture 21
27th March

21 Lecture 21: Two-way Crossed Classification (Interaction) Part II

Estimable Combinations
#»

b ′ #»

β is estimable if and only if #»

b ′ = #»w ′X. Therefore, #»w ′X #»

β is always estimable.
#»

β ′ = (µ, α1, . . . , αa, β1, . . . , βb, {γij})′,
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where we only include the non-empty (i, j) in {γij}.

(X #»

β )′ = (µ+ α1 + β1 + γ11, . . . , µ+ α1 + β1 + γ11︸ ︷︷ ︸
n11

, . . . , µ+ αa + βb + γab, . . . , µ+ αa + βb + γab︸ ︷︷ ︸
nab

)′.

#»w ′X #»

β =
a∑

i=1

b∑
j=1

cijµij ,

where µij = µ+ αi + βj + γij .

(1) µij = µ+ αi + βj + γij is estimable.

(2) For any k, ℓ, define

Λkℓ = αk + 1
nk.

b∑
j=1

nkj(βj + γkj) −
[
αℓ + 1

nℓ.

b∑
j=1

nℓj(βj + γℓj)
]
.

Claim: Λkℓ is estimable.
First term,

αk + 1
nk.

b∑
j=1

nkj(βj + γkj) = 1
nk.

b∑
j=1

nkjαk + 1
nk.

b∑
j=1

nkj(βj + γkj)

= 1
nk.

b∑
j=1

nkj(αk + βk + γkj + µ− µ)

= −µ+ 1
nk.

b∑
j=1

nkj(µ+ αk + βj + γkj).

Similarly,

αℓ + 1
nℓ.

b∑
j=1

nℓj(βj + γℓj) = −µ+ 1
nℓ.

b∑
j=1

nℓk(µ+ αℓ + βj + γℓj).

Taking the difference of the first term and second term yields the result.

(3)

ψj =
(
n.j −

a∑
i=1

n2
ij

ni.

)
βj −

∑
ℓ ̸=j

a∑
i=1

nijniℓ

ni.
βℓ +

a∑
i=1

(
nij −

n2
ij

ni.

)
γij −

∑
ℓ ̸=j

a∑
i=1

nijniℓ

ni.
γiℓ.

Claim: ψj is estimable.

ψj =
a∑

i=1

(
nij −

n2
ij

ni.

)
βj −

∑
ℓ ̸=j

a∑
i=1

nijniℓ

ni.
βℓ +

a∑
i=1

(
nij −

n2
ij

ni.

)
γij −

∑
ℓ ̸=j

a∑
i=1

nijniℓ

ni.
γiℓ

=
a∑

i=1

(
nij −

n2
ij

ni.

)
(βj + γij) −

∑
ℓ ̸=j

a∑
i=1

nijniℓ

ni.
(βℓ + γiℓ)

=
a∑

i=1
nij(βj + γij) −

b∑
ℓ=1

a∑
i=1

nijniℓ

ni.
(βℓ + γiℓ)

=
a∑

i=1
nij(µ+ αi + βj + γij) −

b∑
ℓ=1

a∑
i=1

nijniℓ

ni.
(µ+ αi + βℓ + γiℓ),
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since
a∑

i=1
nij(µ+ αi) = n.jµ+

a∑
i=1

n.jαi,

b∑
ℓ=1

a∑
i=1

nijniℓ

ni.
(µ+ αi) =

a∑
i=1

(µ+ αi)
b∑

ℓ=1

nijniℓ

ni.

=
a∑

i=1
(µ+ αi)nij .

(4) For any (i, j) and (k, ℓ) let
Θ(i,j),(k,ℓ) = γij − γiℓ − γkj + γkℓ.

Claim: Θ(i,j),(k,ℓ) is estimable. Proof by picture: a square. By definition,

µij = µ+ αi + βj + γij .

µiℓ = µ+ αi + βℓ + γiℓ.

µkj = µ+ αk + βj + γkj .

µkℓ = µ+ αk + βℓ + γkℓ.

Hence,

µij − µiℓ = βj − βℓ + γij − γiℓ.

µkj − µkℓ = βj − βℓ + γkj − γkℓ.

Taking the difference of the first term and second term yields the result.

Hypothesis Testing

(1) H0: 1
ni.

∑b
j=1 nijµij are the same for all i.

ni1

ni.
µi1 + · · · + nib

ni.
µib.

Intuitively, we are testing the weighted means are all the same in each row. Q = SS(α | µ).
H0: 1

n.j

∑a
i=1 nijµij are the same for all j. Q = SS(β | µ).

(2) H0: ψj = 0 for all j ≤ b− 1. Q = SS(β | µ, α).

φi =
(
ni. −

b∑
j=1

n2
ij

n.j

)
αi −

∑
k ̸=ℓ

( b∑
j=1

nijnkj

n.j

)
αk +

b∑
j=1

(
nij −

n2
ij

n.j

)
γij −

∑
k ̸=i

( b∑
j=1

nijnkj

n.j

)
γkj .

H0: φi = 0 for all i = 1, . . . , a− 1. Q = SS(α | µ, β). The reason we are not testing all i, j since

b∑
j=1

ψj =
a∑

i=1
φi = 0.
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We will show
∑a

i=1 φi = 0, the other is an exercise.

a∑
i=1

φi =
a∑

i=1
ni.αi −

a∑
i=1

a∑
k=1

b∑
j=1

nijnkj

n.j
αk +

a∑
i=1

b∑
j=1

nijγij −
a∑

i=1

a∑
k=1

b∑
j=1

nijnkj

n.j
γkj

=
a∑

i=1
ni.αi −

a∑
k=1

αk

b∑
j=1

a∑
i=1

nijnkj

n.j
+

a∑
i=1

b∑
j=1

nijγij −
a∑

k=1

b∑
j=1

γkj

a∑
i=1

nijnkj

n.j

=
a∑

i=1
ni.αi −

a∑
k=1

nk.αk +
a∑

i=1

b∑
j=1

nijγij −
a∑

k=1

b∑
j=1

nkjγkj

= 0.

(3) Let g1, . . . , gs−a−b+1 be linearly independent functions of
{

Θ(i,j),(k,ℓ) : (i, j), (k, ℓ)
}
.

H0: gℓ = 0 for all ℓ = 1, . . . , s− a− b+ 1. Q = SS(γ | µ, α, β).

Lecture 22
30th March

22 Lecture 22: Factorial Design
• Level of Factor I: a;

• Level of Factor II: b;

• Replications: n (i.e., balanced);

• Total number of observations: nab.

EXAMPLE 22.1: 22

Consider the effect on the conversion in a chemical process of the concentration of the reactor and the
amount of catalyst. Each factor has two levels: low (−) and high (+).

catalyst\concentration − +
− −− −+
+ +− ++

Replication:
1 2 3 Total

−− 28 25 27 80
−+ 36 32 32 100
+− 18 19 23 60
++ 31 30 29 90

Let (1) = −− = 80, a = ++ = 60, b = +− = 100, and ab = ++ = 90.

A = ab− b+ a− (1)
2n → main effect of the catalyst.

B = ab− a+ b− (1)
2n → main effect of the concentration.

AB = ab− b− (a− (1))
2n = ab− a− (b− (1))

2n → interaction.

ContrastsA = (ab+ a) − (b+ (1)).
ContrastsB = (ab+ b) − ((1) + a).

ContrastsAB = (ab− a) − (b− (1)).
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Yijk, where i = 1, . . . , a; j = 1, . . . , b; k = 1, . . . , n. We can define Y..., Yi.., and Y.j. as before.

Yijk − Y ... = (Y i.. − Y ...) + (Y .j. − Y ...) + (Y ij. − Y i.. − Y .j. + Y ...) + (Yijk − Y ij.).

Squaring and summing yields SST, where we note that the cross-terms will be zero. Hence,

• SST =
a∑

i=1

b∑
j=1

n∑
k=1

Y 2
ijk − Y 2

...

nab
.

• SSA = 1
bn

a∑
i=1

Y 2
i.. − Y 2

...

nab
.

• SSB = 1
an

b∑
j=1

Y 2
.j. − Y 2

...

nab
.

• SSAB = 1
n

a∑
i=1

b∑
j=1

Y 2
ij. − Y 2

...

nab
.

Source of Variation Degrees of Freedom Sum of Squares Mean Square

Factor A a− b SSA MSA

Factor B b− 1 SSB MSB

Factor AB (a− 1)(b− 1) SSAB MSAB

Error ab(n− 1) SSE MSE

Total n− 1 SST

In our case, a = b = 2.

SSA = 1
4n

[
2

n∑
i=1

Y 2
i.. − Y 2

...

]
= 1

4n (Y1.. − Y2..)2.

We can also write Y = β0 + β1x1 + β2x2 + β3x1x2 + ε, where x1 = ±1, x2 = ±1, and x1x2 = ±1.

Generalized Linear Models
In our usual case, #»

Y = X #»

β and we assume E[ #»

Y ] = X #»

β . However, suppose we have #»µ = E[ #»

Y ] = H(X #»

β ),
where g = H−1 and g( #»µ) = X #»

β . g must be monotone and differentiable.

Exponential Family
Let Y be a random variable with pmf or pdf f(y, θ). Y is in the exponential family if

f(y, θ) = exp
{
a(y)b(θ) + c(θ) + d(y)

}
.

The distribution of Y is in canonical form if a(y) = y. Define ℓ(y, θ) = log(f(y, θ)). dℓ
dθ = f ′(y,θ)

f(y,θ) = U is called
the score function. Var(U) is called Fisher information.

REMARK — (Proposition 22.1)

Assume that b( · ) and c( · ) are second order differentiable. We have

E[a(Y )] = −c′(θ)
b′(θ) , Var(a(Y )) = b′′(θ)c′(θ) − c′′(θ)b′(θ)

[b′(θ)]3 .
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Proof: Assume that Y is continuous. We know that∫
f(y, θ) dy = 1 =⇒

∫ d
dy f(y, θ) dy = 0.

So, ∫
f(y, θ)[a(y)b′(θ) + c′(θ)] dy = 0 =⇒ c′(θ) + b′(θ)

∫
a(y)f(y, θ) dy︸ ︷︷ ︸

E[a(Y )]

= 0.

Rearranging yields the expectation. For the variance

0 =
∫ d2

dθ2 f(y, θ) dy

=
∫ d

dθ

(
f(y, θ)[a(y)b′(θ) + c′(θ)]

)
dy

=
∫
f(y, θ)[a(y)b′(θ) + c′(θ)]2 dy +

∫
f(y, θ)[a(y)b′′(θ) + c′′(θ)] dy

= [b′(θ)]2 E[a2(Y )] + (2b′(θ)c′(θ) + b′′(θ))E[a(Y )] + [c′(θ)]2 + c′′(θ).

Use the formula E[a2(Y )] = Var(a(Y )) + E[a(Y )]2, rearrange and do a bunch of algebra (the usual) to
get the variance.

REMARK — (Proposition 22.2)

• E[U ] = 0;

• Var(U) = E

[(
dℓ
dθ

)2
]

= −E
[

d2ℓ

dθ2

]
= −E[U ′].

Proof:
U = dℓ

dθ = f ′

f
=⇒ E[U ] =

∫
f ′

f
f dy =

∫
f ′ dy = 0.

Var(U) = E[U2]

= E

[(
dℓ
dθ

)2
]

=
∫ (

f ′

f

)2
f dy

=
∫ (f ′)2

f
dy −

∫
f ′′ dy︸ ︷︷ ︸

0

=
∫ (f ′)2 − f ′′f

f
dy

= −
∫ (

f ′

f

)′

dy

= −
∫ d2ℓ

dθ2 dy.
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REMARK

For exponential family,

Var(U) = −E
[
a(Y )b′′(θ) + c′′(θ)

]
= −E[a(Y )]b′′(θ) − c′′(θ)

= c′

b′ b
′′ − c′′

= b′′(θ)c′(θ) − c′′(θ)b′(θ)
b′(θ) .

Therefore, Var(U) = [b′(θ)]2 Var(a(X)).

DEFINITION 22.1: Generalized Linear Model

Let Y1, . . . , YN be independent with the same type of distribution.

(1) The distribution of each Yi is in the exponential family with canonical form.

(2) g is a monotone differentiable function such that

g(µi) =
r∑

k=1
Xikβk,

and µi = E[Yi] for i = 1, . . . , r, where g is called a link function. We must have r ≪ n.

Goal: Estimation of r, β1, . . . , βr. We define the explanatory matrix as
X11 · · · X1r

X21 · · · X2r

...
. . .

...
Xn1 · · · Xnr

 .

EXAMPLE 22.2

Suppose Y ∼ POI(λ). Y = E[Y ] + noise, hence E[Y ] = λ, where noise ∈ N, but this does not make sense.
The reason is because we cannot write λ = β1x1 + β2x2 + · · · + βrxr since λ > 0. Hence, we instead
consider

log(λ) = β1x1 + · · · + βrxr =⇒ λ = exp{β1x1 + · · · + βrxr}.

Extra
3rd to 10th April

These three days were used for review and office hours.
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