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LECTURE 1
7th September

» Textbook: Statistical Inference by George Casella + Roger L. Berger

* Office hours: Monday 1:30-2:30 in HH210.

Set Theory
DEFINITION 1: Containment
ACB < €A = z€B.
DEFINITION 2: Equality
A=B < AcC Band B C A

DEFINITION 3: Union

The union of A and B, written A U B, is the set of elements that belong to either A or B or both:

AUB={z:xz € Aorz € B}.

For example, if A = {0,2,4,6,8} and B = {0, 3, 6,9}, then
AuUB=1{0,2,3,4,6,8,9}.
DEFINITION 4: Intersection
The intersection of A and B, written A N B, is the set of elements that belong to both A and B:

ANB={z:2 € Aandz € B}.

DEFINITION 5: Complementation
The complement of A, written A€, is the set of all elements that are not in A:

A°={z:xz ¢ A}
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DEFINITION 6: Relative Complement
The relative complement of A in B, written B \ A4, is the set of all elements that are in B and not in A:

B\A={zx:x€Bandz ¢ A} = Bn A°.

THEOREM 1: De Morgan’s Laws

For any events A and B defined on a sample space S,
@) (AU B)¢ = A°n B-.
(i) (AN B)¢= A°U B

Proof:

() Letz € (AU B)°. We know thatz ¢ (AU B),sox ¢ Aand z ¢ B. Hence, z € A° and = € B°,
which means z € (A° N B¢). Therefore, (AU B)° C (A° N B°).

Lety € (A°N B€). We know that y € A°and y € B®,soy ¢ Aandy ¢ B. Hence, y ¢ (AU B),
which means y € (A U B)¢. Therefore, (A°N B¢) C (AN B)°.

(i) Letz € (AN B)°. We know that x ¢ (AN B),sox ¢ Aorx ¢ B. Hence, x € A° or z € B¢, which
means z € (A°U B¢). Therefore, (AN B)¢ C (A°U B°).

Lety € (A°U B®). We know thaty € A°ory € B, soy ¢ Aory ¢ B. Hence, y ¢ (AN B), which
means y € (AN B)°. Therefore, (A° U B¢) C (AN B)-.

THEOREM 2: Distributive Laws
@) ANn(BUC)=(ANnB)U(ANCO).
(i) AU(BNC)=(AUB)N(AUC).

DEFINITION 7: Injective and Surjective
Let A and B be setsand let f: A — B.

* We say f is injective (or one-to-one, written as 1: 1) when for all z,y € A, if f(x) = f(y), then
T=1y.

* We say f is surjective (or onto) when for every y € B, there exists at least one = € A such that
flz) =y.
DEFINITION 8: Countability

A set S is countable if there exists an injective function f: S — N.

EXAMPLE 1

The set Z of all integers is countable. First, match 0 with 1. Then, for n > 0, match n with 2n and match



—n with 2n + 1.

1] 0
21
3 =1
42
5 =2
6| 3
71 -3

THEOREM 3

The unit interval [0, 1] is not countable.

Proof (Cantor’s diagonalization argument): Assume for a contradiction that there is some bijection
f: N —[0,1].

1| f(1) =0.5000-

2 [ f(2) = 0.14152

3] f(3)=0.33333---

4| f(4) = 0.110100100010000 - - -
5| f(5) = 0.12345

Denote

f(1) =0.a11a12a13014 - - -

f(2) = 0.a21a22a23a24 - - -

f(n) = O-anlan2an3an4 te
For example, as4 = 5. Let
by =9 —ay -

b2=9—a22---

b3:9—a33-~-

b =9 — Qnp -

Then, 0.b;bybs3 - - - does not appear anywhere in my list, since for every n > 1, the n' digit of this number
is different from the n™ digit of the n™ number on my list. This contradicts my assumption that f is a
bijection.

DEFINITION 9
A probability space is an ordered triple ({2, F,P) where

* () is a non-empty set, called the sample space (where elements w € 2 are called “events”),

e F is a collection of subsets of (2, called the o-algebra (where elements A € F are called “events”)
with the following properties:

S1 Qe F,
S2 VA e F, (2\ A) = A° € F (closed under complements),
S3 For any sequence A;, As, As,... € F, we get |, A; € F (closed under countable unions),



« P: F — [0,1] with

P1 P(Q) =1,
P2 P(A) > 0 for all A, and
P3 if Ay, Ao, ..., are disjoint elements of F, then

P (U AZ-) = Z P(4;) (countable additivity).

LECTURE 2
9th September
EXAMPLE 2
Flip a fair coin.
» Sample space: Q2 = {H, T}; that is, || = 2.
o F={0,{H},{T}, {H,T}}; thatis, |F| =219 = 4.

Whenever () is countable, we define F to be the set of all subsets of 2, F = 2 (we can always choose the
power set of (2 as our discrete o-algebra).

e His an outcome, H € Q.

* Pisanevent, ) € F.

* {H} is an event, but H is not an event, and {H} is not an outcome.
« P(D) = 0.

* P({H}) =1/2.

* P{T}) =1/2.

« P({H,T}) =1.

* P(H) = undefined.

EXAMPLE 3

Let Q = {(z,y) € R?: 22 4+ y* < 25} (disc of radius 5). Suppose that we have a bullseye of radius 1, the
probability of hitting the bullseye is 1/25.

Bullseye = {(z,y) € Q: 2? +y* < 1}.
_ Area(Bullseye)
P(Bullseye) = Area(Q)

_7r-12
o152
1
25

My o-algebra F for dart-throwing will be the smallest o-algebra that includes all sets of the form

((a,b] X (C,dD NQ, a<b, c<d, ab,c,d € R.
* [N =1Z| = |Q| = Ro.
* |R|=[0,1]| = R"| = 2N = 2%,



o 2R =227 > o,

PROPOSITION 1
Given a probability space (2, F,P),
() Forall Ae F,P(A°) =1—-P(A).
@i P(®) = 0.
(iii) VAe F,P(A) <1
(iv) VA,B € F, P(BN A¢) =P(B) —P(AN B).

Proof:
(i) By (S2), A¢ € F. Since AN A =0,

P(A°) + P(A4) = P(A° U A) by (P3)
P()
1

by (P1).

(i) P(0) = P(Q°) = 1 — P(Q) = 0 by ().
(iii) P(A) =1 —P(A°) < 1 since P(A4°) >0
(iv) (ANB) C 4, and (A°N B) C A%, s0 (AN B)N (AN B)) C (AN A°) = (). Thus,

P(ANB)+P(A°N B) =P((ANB) U (A°N B))

((
(BN AUAC)
(B
(

P
P(BNQ)
P

B)

THEOREM 4: Inclusion-exclusion for two events

P(AU B) = P(A) + P(B) — P(AN B).

Proof:
AUB =AU (BNQ)
=AU (BN (AUA?))
=(AU(BNA))U (BN A®)
=AU (BN A°).
Therefore, A is disjoint from B N A¢. Thus,

P(AUB) =P(A) + P(BN A°)
= P(A) + (P(B) — P(AN B)).



THEOREM 5: Inclusion-exclusion principle for probabilities

For any Ay, As, ..., A, € F,

P(O Ai> =P(A;) +P(As) +--- + P(4,)

n terms

—P(A;NAp) — - —P(Ap_1 N Ay)

('2‘) terms

+P(A;NAs N Ag) + -

(g‘) terms

—P(A T NANA3NAy) —---

:: > (—1)J+11P<ﬂ AZ).

JC{1,2,...,n},J£0 i€J
PROPOSITION 2: Bonferroni’s Inequality
P(ANB) >P(A) +P(B) — 1.

Proof: Using the inclusion-exclusion theorem, we have

P(ANB) =P(A) +P(B) - P(AU B)
>P(A)+P(B) -1 since P(AU B) < 1.

o

LECTURE 3
14th September

EXAMPLE 4

Suppose we have 4 shirts, 3 pairs of blue jeans, 2 pairs of shorts, and 2 pairs of shoes. How many outfits
can we make?

Solution: 4 x (3 4 2) x 2.

EXAMPLE 5

Suppose we have a bag of 7 marbles numbered 1, 2, . .., 7. We pick one marble uniformly (equal probability)
at random, then put it back in the bag. Repeat this process three more times. We care about the order.

i. How many outcomes are in this experiment?
ii. Whatis P((2,4,2,7))?

iii. What is P({all 4 picks are even numbers}).

Solution:

i. This is known as sampling with replacement. In our example, |Q2| = 7%. We can represent our



sample space as the set of ordered quadruples.
Q={(a,bcd) :abcde{1,2,3,4,56,7}}
=1{1,2,3,4,5,6,7}*.
The set of ordered quadruples (or 4-tuples) of numbers 1 to 7.
ii. 1/7%
iii. (3/7)* =3*/74

DEFINITION 10

The Cartesian product of two sets A and B is

Ax B={(a,b):a€ Abe B}.

For example, {z,y} x {1,2,3} = {(z,1), (z,2), (z,3), (v, 1), (v, 2), (v, 3) }. That is,
A" =Ax---x A.
H—/
n times
PROPOSITION 3

If Q is countable and F = 2%, then

Proof: Follows from countable additivity.

PROPOSITION 4
If Q is finite and all outcomes are equally likely (i.e., Vz,y € Q, P({z}) = P({y})), then

_ Al

VACQ, P(4) = 15

Sampling without Replacement (Ordered)

EXAMPLE 6

Suppose we do the same experiment as Example 5], but we don’t pick marbles back after picking them.

Then,\Q|:7x6x5x4:%,and

Q={(a,bc,d)e{1,2,.... T} ra#tbFtctd+a#cb+d}.

These 4-tuples without repeats are called 4-arrangements.



Sampling without Replacement (Unordered)

EXAMPLE 7

We reach in and grab 4 marbles all at once.
Q={AC{1,2,...,7}: |A]| =4}.
Hence,

4] 4

These are called 4-combinations. Every 4-combination can be matched up with 4! 4-arrangements. So,

7TX6xbx4 7
o= Bt (),

|{4-arrangements}| = 4! x |{4-combinations}

)

and we can re-arrange the equation above to get the number of 4-combinations.

EXAMPLE 8

Suppose we have a standard deck of cards (52 cards where there are 13 ranks and 4 suits).
i. Number of events that we get a full house (3 cards of one rank, and 2 cards of another rank)?

ii. Number of events that we get two pairs (2 cards of one rank, 2 cards of another rank, and one last
card of a different rank).

Solution:

i. Number of events:

[\]

GG

ii. Number of events:

Conditional Probability

Idea: Revising your estimate based on partial information.
EXAMPLE 9
* 38.0M Canadians.

* 4.23M positive COVID-19 tests in Canada (pretend all distinct people).

P({positive}) = % ~11.1%
Now, suppose we have further data for Quebec.
* 8.49M people in Quebec.
* 1.19M positive tests in Quebec.
1.19

P({positive} | {QC}) = g 14.0%.



DEFINITION 11
If A and B are events, and P(B) > 0, then the conditional probability of A given B is

P(AN B)

P(4|B) =~

DEFINITION 12

Events A and B are independent if
P(AN B) =P(A)P(B).
Equivalently, A and B are independent if either P(B) = 0 or P(A | B) = P(A).

EXAMPLE 10
Roll a fair 6-sided die. Let A = {1,2}, B = {1, 3,5}, C = {2,4,6}.

PU)=2=1
pB) == 1
P(AN B) = P({1})
1
=35
= P(A)P(B)
11
_gxa.
PC)=2=1
IF’(BQC):IP’(Q):()?&%X%.

Therefore, B and C' are not independent, but they are disjoint events. In probability theory, disjoint events
are also called mutually exclusive events.

DEFINITION 13
If A and B are disjoint, then
* P(AUB) =P(A) +P(B);
* P(ANB) =0.
If A and B are independent, then
* P(ANB) =P(A)P(B);
P(AU B) =P(A) +P(B) —P(A)P(B)
P(A)-1)(1-P(B))+1
1-(1-P(A)(1 - P(B))
=1-P(A°) P(B°)
1
1

—~

—P((AuU B)°)
— P(A°N B°).



This proves that A€ is independent of B€.

EXAMPLE 11
Suppose we have a standard deck of cards. What is the probability that we have four aces if we select four

cards?
4 3 2 1 1

= X X —=— X — = ?
5271750 49 (%)
Hence,

P(A; N Ay N A3 N Ag) = P(A1) P(Az | A1) P(As | A; N As) P(Ag | Ar N Ay N As).

LECTURE 4
16th September
DEFINITION 14
A partition of a set S is a collection of subsets of Ay, ..., A, C S with the properties
i AAUAU---UA, =S

(i) V1<i<j<n, A NA;=0.

THEOREM 6: Law of Total Probability

If Ay,..., A, is a partition of Q) into events and B € F, then

P(B) =P(A4;)P(B| A1) + P(A2)P(B| As3) + -+ P(4,) P(B | A,) = Zn:IP(Ai)IP(B | A;).

i=1
EXAMPLE 12

* 20% of students in STATS 2D are first years, 45% are second years, and 35% are third years.

* 25% of first years are getting an A, along with 35% of second years, and 50% of third years.
What's the overall percentage who are getting an A?

A, = {n'" year students}.
{4, Az, A3} is a partition of any class €.
B = {students getting an A}.
P(B) = 20% - 25% + 45% - 35% + 35% - 50%.

Bayes Rule allows us to flip the direction of conditioning.

P(B N A)

P(B|4) = —pr

— P(BN A) =P(B|A)P(A).

P({third year} | {getting an A}) = P(A3 | B)
_ P(49)P(B| Ay)
Soi1 P(4) P(B | 4))

10



EXAMPLE 13: Monty Hall Problem
* Let A; = {car behind door j} for j = 1,2, 3.
* Let G2 = {Monty reveals goat behind door 2}.

* For simplicity, assume we choose door 1 first.

P(A; | Ga) =

DEFINITION 15

A random variable is a (measurable) function on a probability space. A real-valued radom variable is a
function X: Q@ — R.

EXAMPLE 14

Suppose we flip a fair coin three times. (We care about the order because we want each event to be
equally likely to occur.) There are 8 possible outcomes:

Q={HT)}?
= {HHH, HHT,HTH, - - - , TTT}.

If X is the number of heads tossed, then it is the function
e HHH — 3;
« HHT,HTH, THH — 2;
« HTT,THT, TTH — 1;
e TTT — 0.

Therefore, X (HTT) = 1.

DEFINITION 16

A random variable is discrete if it only has countably many possible values, meaning range(X) is countable.

DEFINITION 17

If X is discrete, then it has a probability function (PMF)

Px : codomain(X) — [0, 1].

11



EXAMPLE 15

In our coin tossing example,

Px(0) = %
Px(1) =P(X =1)
IP’({TTH THT, HTT})
3
)
Px(2)=:.
Px(3) = %
Px(k)=0fork ¢ {0,1,2,3}.

DEFINITION 18

Given a real-valued random variable X : 2 — R, the probability distribution of X is the probability
measure

Lx(A)=P{X € A}) =P{zx e Q: X(w) € A})

for any reasonably nice (Borel) subset A C R.

EXAMPLE 16

In our coin tossing example,

1 1
,CX(A)zg]I{OeA}+gH{1 eA}+§H{2€A}+§H{3€A}.

Lx([1/2,2-1/2]) = = +

3
7

| w
ool w

DEFINITION 19

For any real-valued random variable X : 2 — R, the cumulative distribution function (CDF) of X is the
function

Fx(t)=PH{X <t}) =P{w € Q: X(w) < t}).
EXAMPLE 17

In our coin tossing example,

o Fx(—1)=0.

© Px()=§+§=}.

* Fx(1.5)=1.
0 t<0
1/8 0<t<1

Fx(t)=<¢1/2 1<t<2.

7/8 2<t<3
1 t>3

12



THEOREM 7

Two real-valued random variables have the same distribution if and only if their CDFs are equal.

DEFINITION 20

A random variable has a Uniform distribution on [0, 1] if it has CDF

t 0<t<1
Fx<t): 0 t<0
1 t>1

THEOREM 8
F: R — [0,1] is a CDF for some random variable if and only if
@ lim F(t) =1;
t—o0
G) lim F(t) =0;
t——o0

(iii) F is non-decreasing; that is, F'(s) < F(t) for all —oco < s < t < 0.

EXAMPLE 18

Suppose we have a dart board with radius 1 ft.

Q={(z,y) eR*: 2% +¢* < 1}.

Fr(t) =P({R < t})
=P({(z,y) € Q:2” +¢* < t7})
Area(radius ¢ circle)
B Area(unit circle)

2
~ 712
= ¢2,
0 t<0
Fr(t)=<t? 0<t<1
1 t>1

DEFINITION 21

A random variable X is continuous if its CDF F'y is continuous. In that case, it has a probability density
function (PDF)
Fx = dFx

T

LECTURE 5
21st September

13



DEFINITION 22
Fix some event B € F with P(B) > 0. Define : 7 — R by

n(A) = B(A| B).

THEOREM 9

 is a probability measure on (2, F). Conditional probabilities are a probability measure.

Proof: We need to check properties (i)—(iii) for u.

@
P(Q) = P(Q | B)
_ PN B)
~ P(B)
_ kB
~ P(B)
=1.
aDVAef4¢®=E$E¥”ZO.

(iii) Suppose A;, As, ... are disjoint events. Then,

p(AgUAsU--+) =P(A UAs--- | B)
P((Ay UAs U---)N B)
- P(B)
P((AiNB)U(A;NB)U--)
- P(B) '

Note that forall 1 < i < j, (4, NB)N(4;NB) = A, NA;NB = 0nB = 0, so the events
(A1 N B),(A2N B), ... are pairwise disjoint. Thus, by the countable additivity of P,
AiNB)+PA;NB)+---

P(B)
= (A1) + p(A2) + -+,

(A U AU ) = B¢

as desired.

14



REMARK 1: Expected value of Geometric Series

EX]-(1-pEX] _ < E Fel N
= (1-=p)"" ~ (1—py
’ ; p ;] P
:i(j+1)(1—iﬂ)j —ij(l—p)j sum index j = k + 1
j=0 j=1

1— 1
P )
1-(1-p)
p
1
SRR
p p
_1
o
Therefore, we have
1—(1-— 1
E[X] 1-p) 1
p p
Ex)2 =2
p P
1
E[X] = -.
p

EXAMPLE 19

Roll a 6-sided die until we get a 6. Let X = the number of rolls. Let B = {all rolls are even numbers}.
What is E[X | B]?

Solution:

15



Hence,

=
Z

I
NE

P({X = k})P(B| X = k)
SR ON
5

6

£
Il
-

Il I
Bl
s L0
)

—_
|
—_
~
w

BRI R O~ O
|

Hence,

M8

E[X |B] =Y kP(X =k|B)

e
Il
_

P({X =k} N B)

TE®)

Il I
_ 1M

|
=
NE

EP{X =k)P(B| X = k)

x>
Il
—

Il
=
~| —
i~
(]

=yl
| =
7 N
Wl =
~__

Ead
i

b
Il
—

I

S
| =
N
[~]e
ol
7 N\
W —
~_—
B
L
[SUIN )

| =
N
DO o

[CNRJURNES

THEOREM 10

p: S — R is a PMF for some RV if and only if
@ p(v) >0foralv e S, and
i) Y ,esp(v) =1

Remark: This implies that {v € S : p(s) > 0 is countable}.

EXERCISE 1

The sum of uncountably infinitely many positive numbers always diverges to infinity.

16



THEOREM 11

f: R — R is a PDF for some RV if and only if
@) f(z)>0foralzeR, and
@ [, flz)de =1

EXAMPLE 20
Let U ~ Uniform|0, 1]. The PDF is

0, otherwise.

Technically, the derivative doesn’t exist at 0 since there’s a change of direction, but it doesn’t matter since
we only integrate PDFs.

EXAMPLE 21

Let U ~ Uniform[0, 1/2]. The PDF is

0, otherwise.

Folt) = {2, 0<t<1/2,

DEFINITION 23
A standard logistic distribution is defined by the CDF

The PDF is . ) .
€
fx(t) = Fr (—1)m(—e )= Atet2

The PDF looks like a bell curve, but with heavier tails.

EXAMPLE 22

Calculate P({—1 < X < 1}) for the standard logistic distribution.

Solution:
* Method 1:
P{-1< X <1})=F(1) — F(-1).
* Method 2:
P-1<x <= | 11 £t)dt.
EXAMPLE 23

Calculate E[X] for the standard logistic distribution.

17



Solution:

LECTURE 6
23rd September

DEFINITION 24

If f is a function f: A — B, then the pre-image of a set C C B under f is
fHC)={z € A: f(z) € C}.
The image of a set D C A under f is
f(D)={f(z):z e D}.

EXAMPLE 24

If f: R — R is the function f(z) = 22, then the pre-image

REMARK 2

vC,D C A,
f(CuD)=f(C)uf(D).

It is not always the case (for non-injective functions) that

f(@nD)=f(C)n f(D).

In[24] if we consider C = [—2,—1] and D = [1,2], then C N D =0, f(C N D) =0, and f(C)N f(D) =
[1,4]N[1,4] = [1,4].

PROPOSITION 5

Proof: Exercise.

18



Suppose X : 2 — R is a discrete random variable and Y = g(X) for some g: R — R. How would we find the
PMF of Y using the PMF px of X?

py(9) =P{Y =9})
=P({X g™ ({9}
= > px().

j€g=1({9})
In general,
py(k)= > px(j)
i€g~ ({k})
THEOREM 12

IfY = g(X) for some random variable X and some (measurable) function g: R — R, then for any set of
ACR,
P{Y € A}) =P({X € g"'(A)}).
EXAMPLE 25
Suppose g(z) = \/z, X is a non-negative random variable, and Y = v/X. Find the CDF of Y.

Solution:

\/x was a monotone increasing function, so it preserved the inequality.

THEOREM 13
Let Y = g(X).
* If g(X) is a strictly increasing function, then
Fy(v) = Fx(97'(v)).
* If g(X) is a strictly decreasing function, then
Fy(v) =1~ Fx(g97'(v)).

EXAMPLE 26
Let X ~ Uniform|0, 1].

1, telo,1] 0, £<0,
)=+ B Fx(t t, telo,1],
fx (@) {07 £ 0.1], x (1) [0,1]
1, t>1.

If Y = —log(X). Note that log(1) = 0 and }in% log(t) = —oo. Also,
—

g(x) = —log(z) <= —g(z) =log(z) <= z =",

19



so g t(v) = e ?. Forv >0,

Thus, Y ~ EXP(1).

DEFINITION 25

The quantile function of a random variable X is the right-continuous (almost) left-inverse of the CDF of
X,
Qx () =inf{t e R: Fx(t) > v}.

Hence, if F'x is strictly increasing at ¢, then
Qx(Fx(t)) =t.

Qx(90%) is the 90™ percentile of the value of X — the value that X is less than 90% of the time.

THEOREM 14

If U ~ Uniform[0,1] and F is a continuous CDF that is strictly increasing, then F~*(U) is a random variable
whose CDF is F.

REMARK 3

Suppose X is a continuous random variable, g is a differentiable and strictly increasing. Before, we had
Y = g(X), Fy(v) = Fx o g~ !(v), so the PDF of Y is

= S rx( W)

= fx(g7 (@)™ ().

_ —1 v 1

AR )

_ fxog7(v)
gogt(v)’

fr(v)

You can think of it as taking the reflection along the line y = x for g.
If g is differentiable and strictly decreasing, then

fxog ' (v)

frlv) == og~l(v)

We can simplify these formulas for any differentiable function g (strictly increasing or decreasing) as

_ fxo g ' (v)

B =g egTr

20



EXAMPLE 27
What if our function is neither strictly increasing nor decreasing? In general,
Ix(t
= Y L8
0 g @)]
feg=1({v})

for all ¢ such that g(t) = v. We require that g is differentiable, and ¢ is not constant on any interval.
Let X ~ Uniform[0, 27), and Y = sin?(X). Find P({Y < t}).

DEFINITION 26: Expectation
If X is discrete, then

E[X]=) vP{X =v}) =) px(v).

If X is continuous, then
oo

E[X] :/ xfx(x)dx.

— 00
Furthermore, if X is discrete then

Elg(X)] = g(v)px (v),

or if X is continuous then

EMXﬂ:/mmwk@mm

DEFINITION 27: Variance
The variance (or 2" central moment) of a random variable X is

Var(X) = E[X?] = E[X]* = E[(X — E[X])?].

DEFINITION 28: Moments

For an integer p > 1, the p™ moment of X is E[X?]. The p™ central moment of X is E[(X — E[X])?].

DEFINITION 29: Moment Generating Function (MGF)
The moment generating function (MGF) of a random variable X is the function

Mx(t) = E[e™].

REMARK 4

For each value of ¢ that we plug in, we're calculating a different expected value. Why?
(1) The MGF uniquely specifies the probability distribution.
(2) Grants easy access to all moments.

(3) Easy to handle sums of independent random variables.

THEOREM 15

Suppose X and Y are random variables and their MGFs are both defined (integrals exist) in some interval
(—=0,9) for some § > 0. If Mx (t) = My (t) forall =6 <t < ¢, then X Ly,
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THEOREM 16

Suppose X, X1, X ... all have MGFs that are defined on (—6,0) for some 6 > 0. If Mx, (t) — Mx(t) as
n — oo for all —=§ < t < ¢, then Fx, (z) — Fx(z) asn — oo for all z € R.

THEOREM 17
For p > 1, if the MGF of X is differentiable p times at t = 0, then

E[X?] = MP(0).

(Rough) Proof:

(s (8 . (8] e

next lecture

Att = 0, this is E[X? - 1] = E[X?].

EXAMPLE 28
Let G ~ GEO(p). Find the MGF of G, and then calculate the first moment.

Solution: The MGF is given by

We can calculate the first moment (expected value) as follows:

Mg(t) = (‘Dm(—e*’f) = M((0) = #(1) _ P _ 1

THEOREM 18

If X1,...,X, are jointly independent random variables, S = X; + X5 + --- + X,,, and these random
variables’ MGFs are all defined at some value t, then

Ms(t) = Mx, (1) Mx, (t) - - - Mx, (t).
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Proof: Since X1, ..., X, are jointly independent, we have

E[ets] _ E[et(X1+"‘+X")] _ ]E[etXﬁ-m-i—tX”] _ E[etxl .. ~etX"] _ E[etxl] .. _E[etXn] — H Mx, (t).

EXAMPLE 29
Suppose I, I», . .. are a sequence of independent and identically distributed (IID) BERN(p) trials p;, (0) =
1 — p, pr;(1) = p. Find the MGF of I}, and then find the MGF of BIN(n, p).

Solution: For a single Bernoulli RV,
My (t)=(1—p)-1+p-e' = (1—p)+pe.
Now, note that the Binomial RV is the sum of n IID Bernoulli trials, so

Ms(t) = (1 —p+ pe')™.

EXAMPLE 30
Suppose N ~ POI()\); that is,
AR
pN(k) =€ AH)

Find the MGF of N and calculate E[N] using the MGF.

k> 0.

Solution: The MGF of N is
- th AN
Mp(t) = Ze e T
k=0

€9 ty\k
— A (e"A)
=2

=€ €

Therefore, the expected value is

M]lv(t) = )\6)\(6‘,1) i — M]/\/'(O) — E[N] _ )\6)\(171)60 = A

PROPOSITION 6
If Sk, ~ BIN(k,\/k) and N ~ POI(\), then Mg, (t) — My(t) forall t € R.

Proof: Note that
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Hence,

which is the MGF for IV, as desired.

PROPOSITION 7

In the same setup as Proposition[6] ps, (j) — pn(j) as k — oo for all j > 0.

Proof:

C)E) (-3) =g -3) (-3)

e~ 1
hosoo K(E—1)-(k—j+1) N _
—00 = ﬁe )\(1)
S EE B T T PO
ki ki ki 4!
k~>oo1

k— o0 N -
€
4!

LECTURE 7
5th October

REMARK 5: Algebraic Properties of Expectation and Variance
* ElaX +b] = aE[X] +b.
* Var(aX +b) = a? Var(X).
* E[X +Y] =E[X]+E[Y].
e If X and Y are independent, then E[XY] = E[X]E[Y], and we say X and Y are uncorrelated.
* To calculate Var(X + Y'), we have
Var(X +Y) =E[(X +Y)?] - E[X + Y]?

=E[X?] +2E[XY] + E[Y?] - E[X]? - 2E[X]E[Y] + E[Y]?
= Var(X) + Var(Y) + 2Cov(X,Y).

If X and Y are uncorrelated, then Var(X +Y') = Var(X) + Var(Y).
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PROPOSITION 8
o0
]P’({Z|Xi < oo}) =1 = E
=1l )

If S ~ BIN(n,p), then S = I; + --- + I,,, where I1,..., I, i BERN(p) trials; that is,

P({l; =0} =1-p,

EXAMPLE 31

P{L; =1} =p
Hence,
E[I;] = (0)(1 —p) + (1)(p) = p.
Therefore,
S]=E {Zn: Ij] -y E[l;] =
EXAMPLE 32

Suppose I have 100 people at a party. They drop their coats in a pile (all have coats). When they leave,
each take a uniform random coat. Let X denote the number of people who get back their own coat.

@ P({X =0}),
(b) E[X],
(¢) Var(X).

Solution: Let X = I + - - - + I,,, where I; ~ BERN(1/100). Note that the I;’s are not independent.

(@) Inclusion-exclusion.

() E[X] =12 E[L;] = (100)(1/100) = 1.

©
E[X?] =E (znj Ij>2]
=E i[fw > Ilk}
1<k<j<n

— ;E[IJZ] +2 (180) E[I, ;]

g ) 100-99 1 1
= ;[(0) (1 —1/100) + (1)%(1/100)] + 210559
=2.

Thus,

Var(X)=2-1=1.

Converges to POI(1) as n — oo.
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EXAMPLE 33

Every box of Sugar Bombs cereal has a toy inside. There are 100 different toys and each box contains an
i.i.d. uniform random toy. Let X be the number of boxes purchased in order to complete a set of at least
one of each toy. Find E[X].

Solution: Let Y; be the number of additional trials to get (j + 1)* toy after first j toys. For each j,

Y; ~ GEO(53=2). Hence,

X=Yy+Y1+ -+ Yo

Therefore,

~ 1001n(100).

REMARK 6: Measure-Theoretic Integration

Recall Theorem In general, for a random variable X : 2 — R defined on a probability space ({2, F,P),

E[X] :/QX(w)d]P’(w).

Recall that for Riemann sums, we draw vertical bars under the function. However, for Lebesgue (measure)
integral, we draw horizontal bars, which implies that we do not need a continuous function.
Idea:

BX] = | X(0)dP()
o £ o))

j=—00

3 |~

REMARK 7

1 1/?!
lim lim <> = lim 1=1.

r—00 Yy—00 \ I —00
1/y
. . 1 .
lim lim ( — = lim 0=0.
Y—00 T—00 \ I Y—>00

THEOREM 19: Lebesgue Dominated Convergence Theorem

Suppose X is a measurable function (random variable) on a measure probability space (2, F,{2), and
X1, Xo, X3, ... is a sequence of real-valued measurable functions on this space that converge pointwise to X;
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that is,
Yw € Q, lim X, (w) =X (w).
n— oo

Suppose there is some non-negative measurable function Y such that for all n > 1 and for all w € €,
[ Xn (W) <Y (w),

and [, Y (w)dP(w) < oc. Then, we conclude that

This theorem also holds for infinite measure spaces.

LECTURE 8

7th October

Cancelled.

LECTURE 9

17th October

THEOREM 20: Dominated Convergence Theorem

Suppose f1, fa, . .. is a sequence of functions mapping some measure space S to R (S, A, u) is a measure space,
and suppose Yz € S lim f,(x) converges. Let f(x) denote this limit (pointwise convergence). Additionally,
n—oo

suppose there is a function g: S — R such that
(1) Foralln > 1, forallxz € S |fn(2)] < g(z).

@ [g9(z)dp(z) < co.

Then,
tin [ |fa(a) = £(0)] dsa) =0,
n o0 S
PROPOSITION 9
d

= E[e!*] = E[Xe'X] for t near 0.

For z and ¢ fixed,

dt 5—0 1)
oz
1
= lim e'® <6 >
6—0 1)
We want to find g(z)

. e —1ur, xe®
lim = 1i = B
5—0 5—0 1
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Therefore,
edr — 1

0

tx

g(t, ) = e (jz| +1) = |e

' < g(t, ), sufficiently small o.

Need E[g(t, X)] < oo: If
E[e"* (| X] +1)] < oo,

then by the DCT,
Eflim(-)] = imE[-] <= E[Xe"] = Mk (¢).
DEFINITION 30: Hypergeometric Distribution

Suppose we have a bag with IV blue balls and M red. We sample k times without replacement and count
the number of blue balls picked. Then,

H ~ HG(k; M, N).
ForO0<j<kandk— M <j <N,
N\ ([ M
(5) ()

pu(j) = W

Expectation: Let

. 1, if m™ pick blue,
" 0, otherwise.

Then, H =1y +--- + I so
N

E[ln) = 1P({In = 1}) = =

Therefore,

Variance:

E[H?] =E (é 1}-)1

E-ilf]JrﬂE[ > Iin]

1<j<i<n

=kE[I{]+2 (5) E[I, I5]

:k(N]IM> +k(k - 1)(0+1P({I; = I, = 1}))

kN N N-1
iy Ak Ut vy v vy y e g

Therefore,
Var(H) =--- .
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DEFINITION 31: Negative Binomial Distribution

Suppose we have a coin with probability p of flipping heads. We flip repeatedly until we have r heads
(r > 1). If Y is the number of tosses, then

Y ~ NB(r,p).
Forj > r,
() = (2" a—pyirr
Y r—1 ’
EXAMPLE 34
fGi,...,Gr S GEO(p), then Gy + - - - + G, ~ NB(r, p).
p p "
Mg (1) = — 2 My(t) = —2— ).
G’1() B_t—|—p—1 = Y() <E_t—|—p—1)

DEFINITION 32: Gamma Function

PROPOSITION 10
1. T(1)=1
2. T'(a+1) = al'(a) for a > 0.

3. T'(1/2) = /7.
1. Simply,
(oo}
ra) = / le®dz = [—e7®] =0—(-1)=1.
0
2. Integration by parts: let u = 2%, dv = e~ ?dz, du = az® tdx, v = —e~?,
IMNa+1) = / z%e *dz
0
= [—xaem} + / e Tar®ldx
0 0
=0+ ol ().
DEFINITION 33

We say G ~ GAM(a, A) with shape parameter « > 0 and rate parameter A > 0 if it has pdf

)\(X
I(a)

o le™™M ¢ > 0.

fe(t) =

LEcTURE 10
21st October

Author’s Note: Missed lecture due to convocation. The following lecture is typed after the lecture, and the notes
were sourced from Zhang Yiran (main source), Baek Inwook, and Zhang Zhiyue.
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DEFINITION 34: Polya’s Urn

Start with one red (R) and one blue () ball. At each step, select a ball at random, then put it back into
the urn along with an additional ball of the same colour.

Question: Does the percentage of 13 converge? If so, to what number?

EXAMPLE 35: Order in Polya’s Urn is Irrelevant

1123243
P{RBBBRBR} = ;= ===

413!
8
1231234

P{RRRBBBB} = 525==>2

413!
8

Therefore, the two sequences are exchangeable; that is, order of R and B is irrelevant.

EXAMPLE 36

413! 1
P{3R + 48 in the first 7 picks} = 8—? (;) ==

where we multiplied by (;) because this is the number of ways to make a sequence of 3R45. Also,

116! 1

EXAMPLE 37: Random Spinner Game

Suppose X; X Uniform[0, 1] is independent of Y for ¢ > 1, and define

o 1B Xi<Y,
R, X >Y.

Remarks:
o P{1*is B} =P{C; =B} =P{X; <Y}.

* Since X; and Y are iid,
P{X; <Y} =P{Y < Xy }.

* Since X; and Y are continuous and independent,
P{X, =Y} =0.
Using these facts, we have
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Therefore, P{X; < Y} =1/2, thatis P(C, = B) = 1/2.
P{C: = B,Cs = B}

P({Cy =B} |{C1=B}) =

P{C; = B}
_ P{C, =C, =B}
~ T P{C, =B}
_1/3
12
2
-2

where the numerator was calculated via

]P{Cl :C2:B}:P{X1 <Y, Xo <Y}

1 ry ry
2///1dx1dz2dy
o Jo Jo
1

3
Therefore, P({Cy = B} | {C1 = B}) = }/Tg’ =2
For the same reason as before,
1 1
PXi <Xo <Y}=P{Xp <X1 <Y}=: =P{¥ <X; <Xo} =55 = 2.

P({Cy = B} | {BBRBRRBB}) = P{X1, X2, X4, X7, X5 < Y, X3, X35, Xg >V}
513!
= o

The random spinner game is the same process as Polya’s urn.
* Conditionally given Y/, the C;’s are independent each with probability Y of being B.

* By the law of large numbers, the percentage of B picks converges to Y.

THEOREM 21: De Finetti’s Theorem for Polya’s Urn
The percentage of 5 picks converges almost surely (100% probability to converge). Let Y denote the limit,
* Y ~ Uniform|0, 1].

* Given Y, the picks are conditionally independent each with probability Y of being B.

EXAMPLE 38
The conditional cdf of Y given C; = B is

Fy|c,=5 =P{Y <t} [{C1 = B})
_ PHY <t} n{Cy, = B})
- P{C, = B}
_ 22
=55
= t2,
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where numerator is calculated via

2

t ry
P{Y <t} N {C, = BY) :/ / i - oy = %
0o Jo
The conditional pdf of Y given C, = B is

2t, tel0,1],
0, otherwise.

fyici=5(t) = {

THEOREM 22: Law of Total Probability (Continuous)

If Y is a continuous random variable with pdf fy, then for any event A,

P = [ PANY = )i du,

— 00

given we can make sense of the conditional probability.

EXAMPLE 39

Using the Law of Total Probability, the conditional cdf of Y given BBRBRRBB
Fyssrerrss(t) = PY <t} N {BBRBRRBB})

= / t P{BBRBRRBB} | {Y = y})dy
0

[Py —y)?
_/0 (5131)/(9") dy
= 5% O y°(1—y)*dy.

The conditional pdf of Y given BBRBRRBEB is

9 .
—t5(1—1¢)3, telo,1],
fyv|BBrBRRBB(t) = { 5!3!

0, otherwise,

which is the Beta(6, 4) distribution.
LECTURE 11

26th October
DEFINITION 35
The joint probability mass function (joint pmf) of a sequence X1, ..., X,, of discrete random variables

is a function p: R™ — [0, 1] with

plar,...,an) =P{X1 =a1} N+ -N{Xn = an}).
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EXAMPLE 40

Suppose we are rolling two 4-sided die independently. The joint pmf is

& 1,2,3,4
p(a,b)z{w’ &,be{ ) a35 }a

0, otherwise.

EXAMPLE 41

Suppose we roll a die and flip a coin. Let X be a die roll and

P ifH,
5—X, ifT.

1 2 3 4

111/8]1 0 0 |[1/8

b 21 0 |1/8[1/8] 0

31 0 |1/8[1/8] 0
411/8| 0 0 |1/8

Note that 1 . .
Y =3 —d—=—

Py =3} = 5 +5 =

REMARK 8

If p is the joint pmf of (X,Y’), then

PUX =k} =) plkj)

. ~——
7 P({X=k,Y=j})

PH{Y =k}) = Zp (. k

In this context of starting with a joint distribution, distribution of components are called “marginal
distributions.”

DEFINITION 36

If p is the joint pmf of X7, ..., X,,, then the marginal distribution of X}, for any k € {1,2,...,n}is

P({Xy =a}) = > (b1, br1,0,bpr1,- -, ).
bl,...,bk,1,bk+1,.,.,bn
THEOREM 23

X4,..., X, (discrete) are jointly independent if and only if their joint pmf is the product of their individual
pmfs; that is,
Pxi,...X (bla-'-abn):pX1(b1)"'an(bn)'
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EXAMPLE 42
Let X and Y be independent with pmfs

WIND W= =R N =

They have joint pmf
X
-1 0 1
0 1/6]1/12 [ 1/12
1[1/3] 1/6 | 1/6

DEFINITION 37

If X,...,X, are continuous random variables and f: R™ — [0,0) (A C R"™) that satisfies

/...A/f(xl,...,xn)dxl---dxn

then f is a joint pdf for these variables, and they are said to be jointly continuous.

EXAMPLE 43

Suppose we have two continuous random variables X and Y.
PUCXY) € A} = [[ fay)doay
A
If A is a rectangle, then A = [a, b] X [c, d], which implies

P({agxg,cgsm=/d/bf<x,y>dxdy.

THEOREM 24

X1, ..., X, (continuous) are jointly independent if and only if they are jointly continuous with joint pdf
le,m,Xn (ala cocy an) = fX1 (al) T an (an)

EXAMPLE 44

222, z€l0,1], |yl <w,
f@y) = {0, otherwise.
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Verifying we have a probability density function:

Calculating Probabilities: To calculate P({Y > 1/2}), we could work out the system of inequalities:
0<z<1,—2<y<uz and 1/2 <y yields

1/2<y<z<l.

Or we can work it out graphically.

DEFINITION 38

The marginal density of X is

fx(t) = / fX7y(t, u) du
DEFINITION 39: Expectation (Continuous)
Bx.v)] = [ [ gwufxy (o) dody.

For example, to calculate E[XY] we use g(z,y) = xy.
EXAMPLE 45: Polya Urn

P({3" pick R} | {BB}) = i
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If Y is the limiting percentage of blue, then

P({Y < ;} ‘ {BB}> =P( X1, XY < ;)

1/2 1/2
/ 1d.’L‘1 dLL'Q d$3
0

| —
(NN

IA oo.\r—*l\:)\»—ﬂo\
; =

&)

S—

P{Y <t}) =1t
3t2, te0,1]
t) =
fr(t) {O, otherwise,
which is a Beta(3, 1) distribution.
1

LECTURE 12
28th October

Discussion on gamma function when « = 0.
EXAMPLE 46

Suppose X ~ GAM(a, A). Find Mx (t).

Solution:
Mx (t) = E[e'¥]

o0 )\04
_ / etw F( )ma—le—/\x dz
0 (0%

A o
_ / xa—le—km(l—t/)\) dz
L(a) Jo

_ X /Oo W Ly —a(A—t) «— du=(A—1)d
=T J, ()\_t)a_le s du u=ux u= x

A * a—1_—u
oy A
/\a
= T e @

-(+)

Suppose X; ~ GAM(1/2,2) and X5 ~ GAM(3, 2) are independent. Find My (¢) where Y = X + X5.

EXAMPLE 47
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Solution: Since X; and X, are independent,

My (t) = Mx, (t) Mx,(t)
1/2 3
-(2) (&)
7/2
~{a23) -

Therefore, Y ~ GAM(3.5, 2).

EXAMPLE 48
The pdf for GAM(1, \) is

)‘1 0, —At At
t = — - =S -
fx( ) F(l)t @ e y

which is EXP(1).
REMARK 9

BIN <n ’\> 2729 POI(N).
n

EXAMPLE 49
Suppose Chocolat gets 1 customer every 10 minutes, on average (discrete time).
(i) Model level 1:

e Every minute there is an independent 1/10 chance for a customer to enter (0 chance for
multiple customers in the same minute).

* Let 73 be the waiting time for the first customer in minutes,

1
Ty = waiting time for the first customer in minutes ~ GEO (10) ,

and E[T}] = 10.
1
Ngo = number of customers in the first hour ~ BIN (60, 10) .

(ii)) Model level 2:

* Every second there is a 1/600 chance for a customer to enter, independently.

. ... T = 1
Ty = waiting time in minutes = 6—(1), where 77 ~ GEO (600)7

and E[T}] = 600/60 = 10.

1
Ngo = number of customers in the first hour ~ BIN (3600, 600) .

As we approach continuity;,

d 60 d 1
Neo S po1( 2). 7 4 Exp( — ).
@ O(m)’ L (10)
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Fort > 0,

1
N(t) = number of arrivals in the first ¢ minutes ~ POI (10t> .

DEFINITION 40

A Poisson process (N (t) for ¢ > 0) with rate ) is a stochastic process with the properties:

(1) For0 <t < to,
(N(ts) — N(t1)) ~ POI(A(ts — £1)).

(2) For0 <t <tp < --- < ty, the variables
(N(t2) — N(t1)), (N(ts) — N(t2)), ... (N (t0) — N(tn-1))

are jointly independent.

DEFINITION 41

T, =inf{t >0: N(t) > n}

is the arrival time of the n™ customer.

THEOREM 25: Interarrival Times

Ay =Ty, and A, = T,, — T,,_1 for n > 2 are known as interarrival times. Then, Ay, ..., A, 5 EXP(\)

variables.
COROLLARY 1
For 0 <nj; <ng < --- < ng,

Ty — Ty s Ty — Trgs - Top — T,

k MNg—1

are jointly independent with respective probability distributions

(T Tn ) ~ GAM(’n,j+1 — n]—, )\)

nj+1 — tn;

EXAMPLE 50
T5 ~ GAM(3, \) and T5 — T5 ~ GAM(2, \) are independent.

EXAMPLE 51

Suppose X ~ GAM(«, 1) and Y ~ GAM(, 1) are independent (rate doesn’t matter, set it equal to 1 for
simplicity).

EXAMPLE 52
a=3,5=5,X =Ts3,Y =Tg — T3. What is the distribution of 73 /7T5? If it took two hours for 8

people to arrive, what is the conditional distribution of how long it took for three people to arrive?

That is, find the distribution of




For ¢t € [0, 1],

x ty
<t = < ——.
Tty 1-¢

Thus, noting that X and Y are independent,

ty/(1-t) 1 ) 1
({z < e PR S o P
P{Z <t}) = / / T® ¢ Y ° dz dy

ty/(1 —t)
_ / / P 1 B 1 —(m-i—y) dl’dy

Multivariable substitution:

“:%_i_y’”:f"‘y:>x:uvay=v—uv:v(1—u),
Oy _|Z& | - )
/= aluw) % % Y 1_u =)A= u) — (W) (-v)| =v.

Note that v < ¢ and 0 < v < oo, which implies

/ / (wv)*( lfu)) e dudy

_ v 1 ,6’ 1 e~V du ua—l —u B—1 U
- r(oor(/s)/o e [
_Ta+ph) [ w11 — )81 du

= T J, A

DEFINITION 42: Beta Distribution
We say X ~ Beta(a, 8) with shape parameters 0 < o € R and 0 < 8 € R if it has pdf

fX(t|avﬁ): B(O:t 6)ta_1(1_t)5_17 (&S [07 1]
where B(«, ) denotes the beta function,
L _ I'(a)L(B)
_ a—1 _ \B—-1 _
B(a, p) _/0 2 (1 —2)P de = Tt f)

THEOREM 26
If X ~ GAM(a, 1) and Y ~ GAM(f3,1), then

X
Z = X+ v ~ Beta(a, [3)

and is independent of
X +Y ~ GAM(a + 5,1).

LECTURE 13
2nd November
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EXAMPLE 53
Suppose X ~ N (u,0?). Find Mx (t).

Solution: Recall that

 \V2ro? 202
Hence,
~ 1 (& — p)?
]\4)((15)—/Ooexp{ta:}\/mexp{%‘2 dx
1 e 1
B ﬁ/ eXp{‘zaz("fQ —2uz + 41 — 20%:)} dz
yxea — 00
1 > 1
- ﬁ/ exp{—%g(ﬂf2 —2(u+ o)z + (4 0%t)* — (u+0°t)? + p?) } dz
yxea — 00
S S (720 e O g B el (R 4010 ) O
T Varor ¥ 202 o 592
. 2u0°t + ott?
= ex B —
P 202
=e t+ ﬁ
= exp} p 5 (-
EXAMPLE 54

If X1 ~ N(p1,0%), Xo ~ N(u2,03) (independent), and Y = X; + X, then
MY(t) = MX1 (t)MX‘z (t)

oit? (g}
= expq pit + 5 + pot + 5

= eXp{(ul + p2)t +

Therefore, Y ~ N (uy + p2, 0% + 03),

Recall: If X is a continuous random variable with pdf fx and g is a differentiable function g: R — R whose
derivative only equals 0 at countably many points then the pdf of Y = ¢g(X) is

fr(y) = > S2(2)

; .
z: g(x)=y, g'(x)#0 l9'(@)]
EXAMPLE 55
Suppose X ~ EXP(3) and Y = 10X. Find fy (y).
Solution: Aside:
_ ar
9(2) =100 = ¢ (y) = ;5 = ¢'(v) = 10.
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Hence,

fx(z)=3e73", 2 >0.

_ fx(y/10) _ 3e3v/10

EXAMPLE 56
Suppose Z ~ N (0,1) and X = Z2.

Solution: . )
fz(t) = o(t) = EGXP{*g}
Aside:
gty =t> = g'(t)=2t
Hence,
_ (1)
0= 2 1aay
o(Vv) | d(=)
FO RN
L Loz L L e
T2/ or NGV
_ 1 -1/2 —v/2
= \/%v e ,

which is GAM(1/2,1/2).

EXAMPLE 57
IfY1,Ys,...,Y, " GAM(1/2,1/2), then

1
Y1+~-~+Yp~GAM<§72).

DEFINITION 43: Chi-squared

The Gamma distribution with shape p/2 and rate 1/2 for any positive integer p is also called the Chi-
squared distribution with p degrees of freedom, and we write Y ~ X?;- This is the distribution of the sum
of squares of p independent standard normal variables. It has pdf

D /2
fa) = WA oo e,
I'(p/2)
THEOREM 27: Markov’s Inequality
If X is a non-negative random variable, then

E[X]

P(X >a) <
(Xza)< =
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Proof: Suppose X is a non-negative random variable. Then,

E[X] = /Ooot]P(X € dt).

Fix a > 0,
IE[X]:/ tP(X € dt) +/ tP(X € dt)
0
2/ 0P(X e dt) +/ aP(X € dt)
0
=a(l— Fx(a))
aP(X > a)
Therefore,

REMARK 10: Triangle Flip Trick
Suppose X is non-negative and discrete.

E[X] =0P(X =0)+1P(X = 1)+ 2P(X =2) + - -
=P(X=1)+P(X=2)+P(X =2)+P(X =3) + P(X = 3) + P(X
—P(X > 1) +P(X > 2) +P(X >3) +

3 P(X > k).

>
Il

Suppose X is non-negative and continuous with pdf fx.

E[X] = /OOo L () dt

_/Ooofx(t)/otldsdt
:/Om/soofx(t)dtds
:/0001_Fx(t)ds.

THEOREM 28: Chebyshev’s Inequality

For any random variable Y,

P(|Yy -E[Y]| 2 a) < Var(Y)
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Proof: Consider a random variable Y (does not have to be non-negative).

P(|Y ~E[Y]| 2 a) = P((Y ~E[Y])* > a?)
E[(Y —E[Y])?]

IN

by Markov’s inequality

EXAMPLE 58
If X ~ EXP(3), then E[X] = 1/3. Using Markov’s inequality,

1/3 1
Var(X)  (1/3)? 1 1

ez s Aol = o) < (14/3)2 ~ (14/3)7 ~ 142~ 196’

LECTURE 14
4th November

DEFINITION 44

If X is a discrete random variable and A is an event with P(A) > 0, then the conditional pmf of X given
Ais

PH{X =k}NnA
px|a(k) = BUX=biin ) P(A)} 3
This is another probability mass function:
* Non-negative (ratio of probabilities);
* Sums to 1:
PH{X =k}NnA
ZpXM(k) = ({ ]P)(A)} )
k
1
=——) P{X=Ek}NnA
py DX =k 4)
1
=——P X=kNnA
T (L})({ } >>
- L plan Uix =k}
P(A) -
1
=1.
DEFINITION 45

If Y is another discrete RV then we can define the conditional pmf of X given Y = y in the same manner:

pxiy(k|y) = P({XP:({@ ZEJ};): y})'
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If y is fixed, then this is a pmf over different values of k.

DEFINITION 46

The conditional expectation of X given Y = y is:

EX|Y =y = kaxwkly

THEOREM 29
Ifg: R? - R,
Elg(X,Y)|Y =y =Y gk 9)pxy (k| v),
k
then
> E[g(X,Y) | Y = ylpv (y) = E[g(X, Y)].
y
That is,

EE[g(X,Y) Y]] = E[g(X | Y)].
The expectation of the conditional expectation equals the expectation.
EXAMPLE 59

222, z€l0,1], y € [-x,z],
0, otherwise.

x)=/0;f(x,y)dy

In this setting, for y € R with fy (y) > 0, the conditional pdf for X given Y = y is

Fxly = fX,Y(xay).
| Jy(y)

For y fixed, we can check if this is a pdf:

fX,Y(fC,y) = {

Recall: The marginal density for X is

DEFINITION 47

* Non-negative;

* Integrate to 1:

x| y)de = fxy(l“y dz
/ fX\Y | y) /

fr(y)
fXY(fC7y)
fr()
_ fr(y)
fr(y)

=1.
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In our example, -1 < —z <y <z <1,s0

fY(y):[ fxy(z,y)de
1

= / 222 dz
lyl

Check:
1 ) 0 1
[ su-wha= [ Zaetay+ [ Za-via
13 13 0 3
[2 1,]v7° 2 A
— y+y] +[y—y]
3 67 |-y 3 6% |0
_ (2,1, (2.t
3 6 3 6
R
202
=1.
Thus,
z? <z<1
T 3 YT bl
fxiy(@ly)=49 1—-yP y e [-1,1]
0, otherwise,
For example, if y = —1/2, then
24 , 1
=T 5 <z < 17
fX|Y(fU | —1/2) = 7 2
0, otherwise.
We can compute
BX|Y =4 = [ afxy(o|y)do

1 3
:/ 3 da
i 1=yl
3 1
= 3/ 25 dx
L—1yl® Sy

3 1,07
=—|=
1—1y]3 4

z=|y|

3
=— _(1—|y/*.
0= |y|3)( ly|*)
So,
1 3 15 45
EX|Y=—"|=-—"———=—.
[ ’ 2} 4(7/8) 16 56
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If y was not fixed, we would have

E[X | Y] = g (1- 74,

A1-YP)
which is a random variable.
REMARK 11: Why do we care about E[X | Y]?
E[X | Y] is the best guess for the value of X, based on Y, in the sense that it minimizes
E[(X - E[X | Y])*].
That is, E[Y | X] in statistics is the true regression function.

o0

meynyzmz/ ) A | )

— 00

Thus, E[g(X,Y) | Y] is the best guess for g(X,Y), based on Y. It has the property that

E[E[g(X,Y) | Y]] = E[g(X, Y)]

EXAMPLE 60

Suppose X is the first arrival time for a Poisson process with rate A = 2, and Y is the second arrival time.
So, the joint pdf is

4e 2 0< x <y,

0, otherwise.

fX,Y(xay) = {

Check:

/ / de~ dydzx = / [72672?/] yjoo dz
0o Ju 0 L
/,

= 272 dx
= [—e7®] "
= 0—(-1)
=1.
The marginal pdf for Y is
fy(y) = fxy(z,y)de
0
y
:/ 4e™%Y dx
O i
ot
= dye™™, y >0,
which is GAM(2, 2). The conditional pdf of X given Y is
4e=2Y 1
———, z€[0,y], -, z€[0,y],
Ixy(ely) = e © Ol _ 1y (0,91
0, otherwise 0, otherwise.
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For a fixed Y-value Y = y, X is conditionally Uniform[0, y]. That is,
X
— ~ Unif 0,1
v niform[0, 1],

and is independent of Y.

LECTURE 14
9th November

Suppose X and Y are jointly continuous with joint pdf fx,y: R* — [0,00). Suppose U = ¢1(X,Y), V =
92(X,Y). Any region S C R? for which P((X,Y) € S) must have Area(S) > 0, which fails in the example
(X,1—X)or (X,g(X)) generally.

Let A= {(z,y) : fx,y(z,y) > 0}. Suppose g; and g, satisfy the property that V.S C A, if Area(S) > 0, then

{(gl(ffay),gz(x,y)) (z,y) € S}

has positive area. If there exists differentiable functions hi, hs: R? — R such that

hy (gl(z7y),92(I,y)) =T,
h2(91(£7y)392($7y)) =Y

then U, V have joint pdf
Jov (u,v) = fxy (hi(u,v), ha(u,v))J

where

_ ’ o(x,y)
d(u, v)

i 5|
ou ov

EXAMPLE 61: Distribution of the Product of Beta Variables
Suppose X ~ Beta(2,3) and Y ~ Beta(5,9) are independent. Let U = XY and V' = X. Hence,

gl(xvy):xya gz(l‘,y):l“,

and

u
hl(uvv) =, h2($,y):;
Since the range of (X,Y) is [0, 1], the range of (U, V) is also [0, 1]?. Furthermore, 0 < u < v < 1. By
independence,
F(5) 2—1 3—1 F(14) 5—1 9-1
I'(14) 2,4 8
= 1— 1—
For0<u<wv <1,
I(14) NNy w\®
= 1— Y (12
fov () = FarErE *4 Y (v) 5)
~—_———
c
where
J_ 0 || 11
T —u T v v

The marginal pdf of U is
1 4 8
1
fulu) = / Co(1 — v)? (u) (1 - u) — dw.
w v v) v
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See textbook [Casella Example 4.3.3] for calculation, not done in class.
Start a Polya’s urn with 2 red, 3 blue, and 9 green:

red Y — lim red + blue.

X = lim red + blue’ all

Hence, XY ~ Beta(2,12).

EXAMPLE 62
Suppose X ~ N (1,4) and Y ~ N(2,1) are independent.

fvton = el o452}

LetU=X+Y andV = X — Y. Are U and V independent? (U, V') can have any values in R2.

gi1(z,y) =xy, g2(z,y) =z —v,

and n
hi(u,v) = 4 5 v, ha(u,v) = 4 5 Ly
The Jacobian is
g2 2|1 1y_t
/2 —1/2] | 4 )
Thus,
1 (u—2i-v _ 1)2 (ugv _2)2 1
fov(u,v) = MQXP{— ) - 9 )
1 _ 2 S 2
e (wtv-2)° (u—v-—4)
8 32 8
1 (u+v)? (u—v)? 4u+v) 8u—-v) 4 16
_&reXp{_ 32 8 3 T8 3@ 8
1 2 4u—v)? 4 2(u — 4 4
L o AP dutv)  Bu—u) 46
8w 32 32 32 32 32 32
= ieX _2uv + Suy + u terms + v terms + constant
T8 P T2 T B2 '

We have uv terms, so U and V' are not independent.

DEFINITION 48: Convolution

If X and Y are jointly continuous, U = X + Y, then the convolution is defined by

fU(u) = /_Oo fX’y(t,u — t) dt

EXAMPLE 63

Suppose X and Y are independent Uniform[0, 1] where U = X + Y.
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fU(u):/_OO Fey(tu—t)dt

{LLJXy@u—ﬂ& O<u<1

Jo1de 1<u<?2
U O<u<l1

=<¢2—u 1<u<?2
0 otherwise.

LECTURE 15
11th November

* A sample from a probability distribution is a sequence, independent, identically distributed (iid) variables
with that distribution.

* A sample with replacement from a finite population (meaning a finite set .S) is a sequence of iid random
variables chosen from the uniform distribution on S.

* A sample without replacement from a finite population S is a sequence of random variables each chosen
from the uniform distribution on S, but conditioned to all having distinct values.

For the rest of this lecture, we assume all samples are iid.
DEFINITION 49: Statistic

Given a sample X, X,,...,X,, a statistic of the sample is a real- or vector-valued function
T(X17X27"'7Xn)‘

In our probabilistic model, a statistic is another random variable.

EXAMPLE 64
Some examples of statistics include:
e Order Statistics: highest value, 2" highest;

* Percentiles: 90 percentile, median, 1% quantile.

DEFINITION 50: Sample Mean (Average), Sample Variance, Sample Standard Deviation

Given a sample X1, ..., X,,, the sample mean or average of the sample is

S
i=1

X:

S|

The sample variance is

n—1

§2= L S (x - %)
i=1

The sample standard deviation is S = v/.S2.
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THEOREM 30

Proof: Fixa € R,

unless a = X, in which case they are equal. The middle term is 0 since

YXi-X)(X-a)=(X-a)) (X;-X

i=1 =

—a)(0)

I
OA

THEOREM 31
(n—1)S Z X; J—
Proof: By the previous argument with a = 0,

ZX2 zn: (X; —X)2+Zn:)’(2
=l 1=1
=(n—1)S8%+nX2

THEOREM 32

Suppose X1, Xa, ..., X, is an iid sample from a probability distribution with mean u € R and variance
02 < 0. Then,

@ E[X]=pu
(i) Var(X) = o?/n;
(i) E[S?] =

Proof:

() Easy: E[X]=E[1Y"  X;] = inE[X|]=p.

n 1=
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(ii) Still easy:
_ 1 &
X) = — X;
Var(X) Var(n ; )
1 n
=3 Var Z X;

i=1

(iii) Still easy, but long

E[s?] = E[n =PI 5@2]

= o DBl = 21

= L E[(X, - D))

n "X,

= E[X?] - 2E| X ==
n—1 [X1] IZn
p=l1l

. n
T n—1

n 2
= — (@ +u)+ +u2>—2(E[X1

51
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DEFINITION 51: Exponential Family

A family of pdfs (continuous) or pmfs (discrete) form an exponential family if it has the form

k
f(z ] 0) = h(z)c(0) exp{zwi((?)ti(x)},

where h(x) > 0, ¢(€) > 0. All real-valued functions h and ¢4, . . ., t;, cannot depend on 6; ¢ and wy, . .., wy
cannot depend on z.

EXAMPLE 65

For n fixed, the family of Binomial distributions BIN(n, p) for 0 < p < 1 form an exponential family.

1619 = ("= = (%) (1fp)j<1 ",

(1), 0<j<n,
0,

otherwise,

Solution: First,

where we define

h(j)

(1 7p)n, 0< p< 1
c(p) = )
0, otherwise.

We want

(lf]) — exp{un (P ()},

so if we set ¢1(j) = j, we get

a3} = (125) = mi=i(125) = wio)=m({2).

Therefore,

1619) = hi)etp) el @0} = (7)1 = " expfn( £2- )3}

EXAMPLE 66

The normal distribution N (i1, 02) form an exponential family for 4 € R, 0 < 02 < oo.

Solution: First,
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Define the following functions:

h(z) =1,
2\ _ 1 p
c(p,0%) = WGXP 92 [
1
w1(M»02):—ﬁ7 t(x) = 22,
wa(p,0?) = 5, ta(z) = .

We try to fit this representation with as few w;’s and ¢;’s as possible. If the number of terms in the sum &
(number of w;’s and t;’s) equals the number of parameters for the family of distributions, then this is a
full exponential family.

If k is greater than the number of parameters, then this is a curved exponential family.

THEOREM 33

If X is a random variable whose distribution comes from an exponential family,

k
f(z ] 0) = h(z)c(0) exp{z wi(0)t:(x) }

then for any parameter 0,

: " w;(0) 9 ‘
(l) E 2 (90] tZ(X)‘| = —ypjln(c(ﬂ)),
k 2 k Qw,
(iD) Var (Z ag;(f)ti()()> _ —%ln(o(@)) > 9 - éée)tz(X)]

EXAMPLE 67
Let X ~ BIN(n,p). From Example [65] we know that

(%), 0<j<mn,

h 1) =
() {07 otherwise,

C(p):{(lp)na 0<p<1

0, otherwise,

t1(4) = J,
wl(p)=1n<1fp>.

Touse B[S 2w ti(X)} = _a% In(c(p)), we compute

i=1 9p
8wi(p):81n< p >: 1 (-p-l-p-=1) 1
op 9 \1-p) p/(01-p) (1-p)? p(l—p)’
dln(c(p)) 0 o 0 B 1 on
~—p 778—p1n((17p) )ffna—pln(lfp)ffnﬂ(fl)f -

Hence,
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THEOREM 34

Suppose X1, ..., X, are iid samples from a distribution that comes from an exponential family,

k
f(x | 0) = h(z)c(6) exp{Zwi(e)ti(aj)}.

Define statistics Ty, T5, ..., Ty by

If the set

{(w1(0),w2(8),...,w(0)) : 6 is an allowed value for the parameter }

contains an open subset of R* (usually true for full exponential families), then the distribution of the vector
(T1, ..., Ty) = T is itself an exponential family of the form

LECTURE 16
16th November

k
fr(uy,...,u; | 0) = H(ul,...,uk)c(O)"eXp{Zwi(O)ui}.

DEFINITION 52: Order Statistic

Given a sample X1, Xo, ..., X, let X(;) denote the lowest value in the sample,

X(j):min{xGR:|{i€[n]:Xi§x}‘2j}, 1<j<n.

So X(1) < Xy < -+ < X, is a decreasing re-ordering of our sample. We call X ;) the j® order
statistic of the sample.

EXAMPLE 68

If our sample is

Then,

o

Xi | Xo | Xa | Xy |
3| 6

Xs | X | X7
5 | | |2 ]9 1

| 2

DEFINITION 53: Median

The median of a sample of size n is

X(@n+1)/2); n odd,

Xn/2) + X(n/2)41)
2

n even.

DEFINITION 54: Percentile

For &~ < p < 1 — 3-, we can define the p™ percentile as X)), where [z] denotes rounding to the

nearest integer.
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If we wanted to be more precise, we could define the p percentile as

(lnp] +1 = np)X(|np)) + (0 — |70 )) X (|np)+1)5

where | z] is the floor of z.

THEOREM 35

Suppose X1, ..., X, is a sample from a discrete distribution with possible values a1 < az < a3 < ---. Define
pi = ]P{X = ai} and Pz = Z;‘:l Di = P{X < ai}. Then,

n

P <} =Y (1)Pra-rym.

m=j

n

P{X(j) =a;} = Z (Z) [Pim(l T - N B—l)nim]-

m=j

Proof: For 1 < k < n, let
17 Xk S ag,
Iy = .
0, otherwise.

Since the X, are independent, the (I, k = 1,2,...,n) are independent. Thus,
S=Y Iy ~BIN(n,q),
k=1
where ¢ = P{X; < a;} = P;. Hence,

P{Xy < a;} =P{S > j}

= En: P{S =m}

m=j
n n

= PM(1— P)™ ™.
mz_(m) (1 - )

The second formula is
]P’{X(j) = ai} = P{X(]) S ai} - ]P){X(j) S ai_l}.

EXAMPLE 69

Suppose G, ...,Gq i GEO(1/6).

5\ "1
Pi—<6> 6—P{G—1}7

H:P{G<i}:1—P{G>i}:1—(Z)i.
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Median:

9
P{Ge =k} =D (9) (1= Pp)?™m — P (1 - Py)°T ™)

OO Te )

For any sample of size n, from any discrete distribution, for any possible value of a of the variables,

P{Xy =a} = Z (:) {]P{X <a}"P{X >a}" " -P{X <a}"P{X > a}n—m}_
THEOREM 37

Suppose X1, ..., X, is a sample from a continuous distribution on R with pdf f and cdf of F. Then,
. n m n—m
PXp <= 3 (1) FOma - Fo)
m=j
is the cdf of X ;). The pdf of X(;y is
]P’(X(j) edt) = fX(J-) (t) dt

(.1, ) Forr@ar

(j—l,?,n—j):j(?)'

Proof: The argument for the first formula is the same as in the discrete case. To get the second, we will
differentiate. Define g,,(z) = 2™ (1 — )"~ ™, so

noting that

G (@) = ma™ M1 — 2)" ™ + 2™ (n — m)(1 — )" H(=1)
=(ml-z)—(n—m 3:):1:’" )

= (m —nz)z™ (1 —z)"™ L

Also,
P (8) = SFx(0)
- (1 )amtr)
= (:)( —nF()F(t)" (1= F(@)" ™" f(t)
RIP.
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EXAMPLE 70
Suppose Ul,...,Unﬁwdl/l[O,l].
(n i — n—j
fU<j)(t):J(j>tj 1(1_t) 71

n! . n—j
“GE

That is, U(;) ~ Beta(j,n + 1 — j). Also,
i
j+n+l—35 n+1

ElU)] =

LECTURE 17
18th November

DEFINITION 55: Convergence in Probability

Given a sequence of random variables X, X5 . .., and a random variable Y, we say the sequence converges
in probability to Y, denoted

X, 5y
if
Ve >0, lim P{]Y — X,| >¢} =0.
n—oo
THEOREM 38: Weak Law of Large Numbers (WLLN)
If X1, Xs, ... is a sequence of independent random variables with
Var(X,,) < 0? < o0, Vn,
which implies all X,, have finite expectation, then

Sn — E[Sn] 20, Vn,
n

where S, = 37 X;.

Proof: Let £ > 0.

57



COROLLARY 2: Weak Law of Large Numbers

If the {X,, }n>1 are iid, then

THEOREM 39

Fix 0 < g < p < oo. For a random variable X, if E[|X|P] < oo, then E[|X|?] < oo.

Proof: Suppose E[|X|[?] < oc.
E[|X|] = E[|IX|'I{|X| < 1}] +E|IX|71{|x| > 1}]
<P{|X| <1} +E[|IXPI{|X]| > 1}]
< Q0.
THEOREM 40

Suppose X1, Xo,..., X, o N (i, %) and

Sn: n_IZ(X]_ )2
j=1
Then,
2
= 9 n—11
(n—l)wa(n—l):GAM< > ,2>

Proof: Casella Section 5.3.

EXAMPLE 71
By Theorem ,

Var<(n - 1)5;) =2n—2,
hence

Using Chebyshev’s inequality,

20%/(n—1) nooo

P{|S2 —o?| > e} < 2 0.
Hence,
52 2 52,
THEOREM 41
For any continuous function g: R — R, if
X, 5,

then
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COROLLARY 3

S, 2 o2 for sample standard deviation of N'(j, %) samples.
Proof: Take square roots.

DEFINITION 56: Almost Sure Convergence

Given a sequence of random variables X, X5, .. ., and a random variable Y, we say the sequence converges
almost surely (a.s.) to Y, denoted
X, 25 Y
if
Ve > 0, IE”{ lim [V — X,| zg}:o.
n—oo
Equivalently,

P{nlgr;oﬁ/' — X, = 0} — 1,

THEOREM 42: Almost Sure Convergence —> Convergence in Probability

IfX, 225 Y, then X, & Y.

Proof: Assume X,, =5 Y. Fixe > 0.

N =max{{n e N:Vm >n, |Y — X,,| <e}U{1}}

n—r oo

(the last time that Y — X,, > ¢). Since X,, =% YV, N is a.s. finite so P{N > n} = (.

P(|Y — X,| > ¢) <P{n < N} == 0.

LEMMA 1: Borel-Cantelli Lemma

For a sequence of events Ay, As, ..., if
oo

P(A,) < oo,
n=1

then

P(infinitely many of the A,, happen) = P ﬂ U A; | =0.

n=1j=n

If the (A,,, n > 1) are independent, then the converse of this is true.

EXAMPLE 72: Convergence in Probability /~—- Almost Sure Convergence
Suppose for alln > 1, X, 5 BERN(1/n). Note that X, 2 0, but

oo

ZIP’{anl}:Z%:oo.

n=1

By the Borel-Cantelli lemma, there are a.s. finitely many n for which X,, = 1.

LECTURE 17
30th November
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DEFINITION 57
We say a sequence of events (A, ),>1 happens infinitely often on an outcome w if for all IV, there exists
n > N such that w € A,, where

{(An)nz1io} = U -

N>1n>N

THEOREM 43: Borel-Cantelli Lemma

If> > P(A,) < oo, then
P{(An)n21 lO} — 0

Proof: LetY =Y ° I{A,},s0Y € NU {cc}.

Thus, P{Y = oo} = 0. Alternatively,

P{Y >n} < @ noee
so P{Y = o0} = 0.

COROLLARY 4

If the events A,, are independent, then the converse of Theorem [43|is also true.

Proof: Suppose the (A4, ),>1 are independentand that} ° , P(4,,) = oo and we will show P{(4,,) i.0.} =

1. Forall N € N,
Pl JA]=1-P| | 4
n>N n>N

=1- [T @ -PA.)

n>N
>1-— H e*P(An)
n>N
=1—e anNP(A")
=1—e

="
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EXAMPLE 73: Convergence in Probability /—- Almost Sure Convergence

For all n > 1, X,, S BERN(1/n). Then,

1
]P’{|Xn—0|>s}:ﬁ—>0.

But,
o0 o] 1
ZP{anl}:ZE:oo.
n=1 n=1
LetY,, = nX,, so
v, — {n, wp. =+, 1
0, wp.1—-.

E[Y,] = 1 for every n,
Y, £ 0,

but E[Y,,] — 1, so Y;, 2% 0.
LEMMA 2: Kronecker’s Lemma

n=1 n

For a sequence (X,,)n>1 € (0,00)N, if 300 | Xn < oo, then ]\}im ~ 227:1 X,, =0.
= —00

Proof: Suppose S =3 >° | %1 < oo, then
X g K §o Xy 1Y o g
n=1 e n=1 N _n:1 i N

i Xn _c
n 2’
TL:N1
and let Ny > N; be sufficiently large so that
SIS
No 25’

that is, Ny = [%} Then,



We conclude that

XNXOO
I

ﬁMz

Therefore,

S—S5=0.

z\N

THEOREM 44: Strong Law of Large Numbers

If X1, X, ... is a sequence of IID random variables with E[| X;|] < oo, then
- Z X; 255 BIX]
as n — oo.

First Step of Proof: Let Y,, = X, I{| X,,| < n}.

LECTURE 18
2nd December

THEOREM 45: Kolmogorov’s Inequality

Suppose X1, ..., X, are independent random variables with finite expectation. For 1 < j < n, let S; =

X1+ -+ X,. Then for any ¢ > 0,

]P’( max |S — E[S; ]| > 5> < Var(Sn)'

1<j<n g2

Proof: Assume WLOG, E[X,] =0for j =1,...,n, so E[S;] = 0 as well. Let

4 Sl <e 1< <k,
! |Sk| > e, otherwise.

A= UAk—{maX|S|>E}
k=1

Let I{A} = 1 if A happens, and I{A} = 0 otherwise. Now,

S%ZMMQ

For 1 < k < n, define Y}, = X311 + Xi12 + -+ - + X, so that

Var(S,) = E[S?] > E[S2I{A}] =

_ S E[S2T{A4L)]
k=1

S, =Sk + Y.
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E[S2 I{Ax}] = E[(Sk + Yx)* T{A}]
= E[S?I{A}] + 2E[Sk Y3 [{ Ar}] + E[Y? I{Ax}]
= E[S} [{4Ar}] + 2 E[Sk I{ A }] ﬂi[iﬂ +E[VZT{4x}]
0
= E[SEI{As}] + E[Y2I{Ax}]
—
> E[S; [{Ax}]

> E[e® I{ Ay }]

= 62 ]P)(Ak)
Plugging this back in,

Var(Sy) > Y E[S2I{Ax}] > Y ®P(Ag) = £ P(Ay).
k=1 k=1
Thus,
Var(S,,)
P(A) < o

THEOREM 46: Kolmogorov’s Criterion

Suppose X1, X, ... are independent random variables with
i Var(X,,)

2 < oQ.

k=1

Then,
Sp — E[Sy]

n

a.s.
— 0asn — oo,

where S, = > _, Xy forn > 1.

Proof: Assume WLOG that E[Si| = 0 for £ > 1. Fix e > 0. Let

Shp
Ay = [Sul > ¢, for somen € (2871, 2F].
n

We want to show
P{(Ak)kzl 10} =0.

Using the Borel-Cantelli lemma, we want to show >~ ; P(A4;) < oc.

P(Ax) < P{|S,| > 2"t} for some n < 2F
< ?/a]:ffj;g by Kolmogorov’s Inequality
4 Var(Sar)
=2 om
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Therefore,
4 X Var(Sqr)

ZP(Ak) = 2 92k
k=1 k=1

oo e
= % Z o Z Var(X
&= j=1

4 _
- > 27 Var(X;)

1<k<oco
1< <2”
4 o0 o0
= ?ZVM(XJ') >
j=1 k=[log, ()]

4 & ( —2)[10g2(j)1
= E LV e

1
< 52 3 Zvar X5)( 0g3(7)
6 oo
2% S v
< o0

by our hypothesis. It’'s worth noting that to change the sums we have j < 2%, 28 > j k > log,(j) so

k > [logy(j)]. Therefore, by Borel-Cantelli lemma,

P{(Ak)k21 10} =0.

IP’{ lim u O}
n—,oo M

THEOREM 47: Strong Law of Large Numbers (IID)

Since this holds for every ¢ > 0,

If X1, X5, ... are IID variables with finite expectation and S,, = Z?Zl X for n > 1, then

S a.s.
— 2 E[Xy] as n — oo.

Proof: Forn > 1, let Y, = X, I{| X,,| < n}.

S P{Xnl>n}=> > Plk<|Xi|<k+1}
n=1 n=1k=n
oo k
=> Y Plk<|Xy| <k+1}
k=1n=1

=> kP{k<|Xi|<k+1}
k=1
<E[lx1]

< 00.
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Thus, by Borel-Cantelli,
P{X, #Y,io0.} =0.
Hence, it suffices to prove
S;L a s.
n
where S;, = 77, ¥;. We can also assume WLOG E[X] =

— E[X;] as n — oo,

E[Y,] = E[X; I{|X1] < n}] —» E[X1] as n — 0o

(Application of the Dominated Convergence Theorem). Therefore,

ZE[YJ] — 0asn — oc.

j=1

1
n
It would suffice to prove

1 & e
=3 (¥; —E[y;]) =% 0 as n — 0.
’I’L,: ——

Zj
Note that E[Z;] = 0 = Var(Z;) = Var(Y;). By Kolmogorov’s Criterion, it would be sufficient to show
V
ar.(z ]) < 0.
J
k=1
Var(Yz) <= E[Y?]
> SR
k=1 k=1
_ i E[X} I{Xy} < K]
= 7
k=1
) 1 k
=Z,;Z [XPI{j — 1 < 1Xu| < j}]
o oo 1
=D B -1<IX| <))
Jj=1 k=j
SZ (XSG —1<|X5| <3} = for some C' > 0
i=1 J

N : (G
SZ [J|X1|H{J*1<|X1|§J}]?

=C Y E[Xy|1{j — 1 < |X;] < 5}]

=CE||X:|Y I{j — 1 < |X1| < 5}
j=1
E[|X]

< 0.

LECTURE 19
7th December
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DEFINITION 58: Statistic

Recall, given a sample (X1, Xo,...,X,,) = X, a statistic of the sample is some function 7(X) € R¢.

DEFINITION 59

We say T is a sufficient statistic for a parameter 6 of the distribution of the sample if any inference about
6 based on the sample should depend only on T'(X).

DEFINITION 60

T(X) is a sufficient statistic for 6 if the conditional distribution of X given 7'(X) does not depend on 6.

0 T(X)+ X.

* In a Bayesian framework, we would say 6 and X are conditionally independent given 7'(X).

* If T(x) = T'(y), then our inferences about € should be the same in the sample.

THEOREM 48

If p(x | 0) is the joint pmf or pdf of the sample X and q(¢ | 6) is the pmf or (joint) pdf of T(X), then T'(X)
is a sufficient statistic for 0 if and only if the ratio

p(z | 0)
q(T(z) | )

does not depend on 6; that is,

=P{X =2z} {T(X) =T(z)})

Va 3C € [0, 00) such that V0, M =,
q(T'(x

EXAMPLE 74

X1,..., X, % BERN(0) for 0 < 6 < 1. Let T(X) = >_7_, X, so T(X) ~ BIN(n, 0). Fix & € {0, 1}". Let

t=>",x; =T(x). First,

n

9’ z; =1, x n—T(x

=1 Ti =
REMARK 12
P{11010]| 6} =60-6-(1—0)-0- (1 —0) = 63(1 — 0)>.
Second,
ate19)= (7)o - oy
REMARK 13

P{three 1’s and two 0’s | } = P{T(X) = 3| 0}.

Using these two facts,
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which does not depend on 6, so T is sufficient for 6.

EXAMPLE 75

X =(X1,...,Xp) Y N (u,0?%). Suppose o2 is known and i is unknown.

.. 2
T(X)—X—M~N<,u,(;>.

i=1
First, .

p(@ | p,0*) = (2m0?) "2 eXp{— Zi:léiiz_ 2k }
Second, "

() | o) = (20 %) e -0,
Hence,

= /n(2nc?)~(n"1)/2 eXP{W}’

202
which does not depend on p, so T' is a sufficient statistic for p.

The vector of order statistics of a sample X1y < X(5) < -+ < X, is sufficient for everything.

THEOREM 49: Factorization Theorem (Halmos + Savage, 1949)/(Neyman 1935)

T is sufficient for 6 if and only if there exists functions g and h such that

va Vo, p(a | 0) = g(T(z | 0))h(z)

Proof (Discrete Setting): Assume X is a sample from a discrete distribution.
( = ) Assume T is sufficient. Choose g(¢,0) = ¢(t | 0) and h(x) = P{X = x|T(X) = T'(x)} (sufficiency
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was used to define h(x)). Hence,

P{X =z |0}
P{T(X) =T (=) | 0}
iy 1y 2@ 16)

=p(x | 0).

(<) Assume p(x | §) = g(T(x),)h(x) for some g and h. Then,

at10)= > p=l0).

x: T(x)=t

9(T(),0)h(x) = q(T () | )

Therefore,

px|6) _ 9(T (), 0)h()

aT(x) |0) 2y r(y)=r(=) 9(T(Y), 0)h(y)

Zy; T(y)=T(z) 9(T(x),0)h(y)
h(z)
2y T(y)=T() (¥)’

which does not depend on 6, so T is sufficient.

EXAMPLE 76

In our N(u1,0?) example with 7'(X) = X, we have

202

o= () "l 25}

h(z) = v/n(2mo?) ("7 exp{—Z?_l(xi mk }

and

EXAMPLE 77
IID Uniform{1,2,...,0} for § € N.

1

—, max x; <0,
p(x | 0) = on’  1<i<n

0, otherwise.

So, T'(x) = maxi<;<n &;. Take

and
ha) =& T; € ‘Vz,
0, otherwise.
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